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Simple methods of generating digital approsirnations to circlen and other types of 
curves are described. 

The short notes [I, 21 published in this Journal discussiong methods for pro- 
ducing circles on graphic output devices do not address the problem of efficiently 
generating contiguous sets of dots lying on the discrete grid characteristic of the 
display device. Methods for producing such discrete approximations of circles 
efficiently are of importance both for the traditional C.R.T. point-displays, 
driven by a display processor, and the increasingly popular raster-scanned de- 
vices, using a frame-buffer memory. 

No claim is made for the originality of the scheme presented h e r e i t  has no 
doubt been reinvented innumerable times, and the author would not be surprised 
if it was, in fact, embodied in display hardware somewhere. The hope is thitt 
presenting the method here mag save somebody some effort. It is simple to 
develop the circle generator by analogy with an ordinary vector generator. A 
brief exposition of a line-generating scheme follows for this reason. 

1. A LINE GENERATOR 

As a discrete approxinmtion to t,he straight line bz = ay, one would like a 
set of contiguous grid points as near as possible to the line. If the line lies in the 
first octant, one can clearly pick one point in each vertical column that will be 
no more than one-half of the grid interval removed vertically from the line. If 
the point just below the line is as far from the line as the nearest one above it, 
we will arbitrarily pick the lower one. The points so defined lie on or above the 
line bx = a(y + 3) and below the line bx = a(y - )). Evidently only one point 
in each vertical column lies between these limits, so all the grid points falling in 
the band defined by the t,wo lines will in fact be used. 

One way to generate these points is to calculate y = rbx/a - k 1  for each 
vertical column. (Here rsl signifies the smallest integer not smaller than s . )  This 
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method requires miltiplicntion and division. Generating thc points sequentially 
and performing incremental cnlcdations is more efficient. 

Advancing from onc coll~rnn to the next is nchicvecl by incrrmrnting x. If the 
point defined by this new valur of n: and thc prcvious vuluc of y falls below the 
lower edge of the :tccc~pt;\blo h : u ~ I ,  thrn thc grid point diroctly :hove it is thc 
desircd ncxt point. Th:\t is, i f  s = b.r - a (y  + 9) > 0, thrn !/ should be incre- 
nwnted, too. It is silnpl(1 to liccy track of thc vduc  of s. I t  is initinlly set to -$a 
and O is added to it \vhe~wver .T is increnwntccl nnd a is subtr:ictcd from i t  when- 
ever y is incremcntcd. The function vector (a, b) pc.rforms thcsc cornputs ,t t' mns. 
(This is cascwti:tll\- 13rrse1iht1nl's :tIgoritlm [ 5 ] . )  

Simply s\vapping .r and y \\ill p~.oducc) linos in t h ~  wconcl octnnt. Scg:~ting 
r or y or both t:tlws c.:irc of tho otlior possiblc dircrtions. Iiin:illy, :idcling :In offset 
:tllo\vs voctors to start :tt :trl)itr:wy grid points. Th r  f u n c t h s  line (.rU, yo, .cl, y  l) 
~ i c l  plot (x, y) t:tkr cJre of tlw rcquind bookkeeping. 

Sot(. t h t  only fixed-point t~dtlitions :\lid suhtr:tctions :ire rcquircd. (Since 
h.r - ay c:+n titkv on oiily in togcr v:~luc~;i, t hcb potmti:tl rou~id-off i l l  c,tlcuI:tting 
-+a, for a  odd, can Iw ig~iorotl.) Sotv :dso th :~ t  -a < .s 5 6 ,  so o111\- :IS m:lny 
bits (pli~s :I sign hit) :ire ~wc~Iod to ,stor(. a :IS ;IIY ~wluircd for a ,  0, x, and y. 

For tlw discrcktc. ;ipp~.oxi~ii:ttio~i~ o ~ w  \vould likv to pick ;I svt of contiguous grid 
points :is ~w:tr :IS possiblc to tho circlr .r' + gY = I.". I n  t h ~  first oct;tnt one can 
clctirly pick ono p i n t  in wch Iiorizo~ittil ro\v that \\.ill h no  niorc. t1i:tn half thc 
grid intcrv:+l rcnlovcd horizontally from tlw circlc. If tlic point just to the left 
of the circlr happms to bcs as far from the circlc :IS thc w:~rest point on thr! right, 
\vc will arbitr:~rily pick tlic right o~i(*. Tlic points so cldinod l i c b  to thv right of the 
circle (.c + +)' + y2 = 1.' ;tnd 011 or to tlir left o f  thcl c4rclr (.r - #)2  + y2 = 1.2.  



.4gaiii only o ~ i ( .  poilit par Iiorizoiit:d row \\ill l i c h  I)c~t\vcwi tlioso limits, so :III grid 
points falling ill tlw lxuid d ~ f i i m i  h y  tlw two circlw will bc* used 

On(. c.oultl p ~ . o c ~ w l  no\\. by c.:llcul:~ting .r = L(I.' - !j2): + $1 for i.:ic*h o f  thc. 

uf the line generator. 
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horizontal rows. (Here [s] signifies the largest integer not lnrgcr than s.) This is 
obviously computationallg inefficient and an incremental schcn~c is to be preferred. 

Advancing from one row to the next is achieved by incrc~ncnting y. If the 
point defined by the previous value of .r and this nc\v value of y fulls to the right 
of the right-hand edge of the acceptable band, thcn the grid point directly to its 
left is chosen. That is, if s = (.c - $ ) 2  + y" rr' > 0, thcn :r should bc dccrc- 
mented. It is again straightforward to update the value of s. I t  is initially sot to 
( - r  + $) and ('Ly + 1) is added whenever y is incrcnwntcd i~nd (2.r - 2) is 
subtr:tcted whenever x is dccremel;ted. The function scctor ( I . )  pcrfolms thcse 
operations. 

Sinlply swapping :c and y will produce the arc of thc circlc falling in thc second 
oct,mt. Negating x or y or both gencrates thc rest,. Once agnin, an offsct can be 
added to place the center of thc circlc in an arbitrary position. The functions 
circle (xo, yo, r )  and plot (a, y) pcrform thc rcquircd bookkeeping :md itcr:ition. 

Note that only fixed-point. additions :tnd subtractions arc ~iccdcd (:\gain, sinw 
x2 + yr' - r2 can take on only integer vnlucs, thc $ in thc initialization of s ciin 
be ignored). Xote also that -2x 5 s 5 2y and so onc morc bit (plus n sign bit) 
is rcquircd to store s as are ncedcd for r ,  a and y. 

circle (ro, yo, I - )  : do for negate-.c = f, t 
do for negate-y = j', t 

do for s \vnp~ry = f, f 
sector (r) 

end 
end 

cmd 
end 
srctor (r) : .c +- r ;  y + 0 ;  s + - 1 -  

do until y > .c 
plot ( . c , y ) ; s + s  + 2y + 1 ; y - y  + 1 
i f s > O , t h e n s t s - 2 x + L > ; : c t . c - 1  

vnd 
end 
plot (.c, y) : if snrap3y, then x t, y 

if negate-y, then y t -y 
if neg:lte-x, then x t - X  

point ( x  + xo, y + yo) 
end. 

Discrete upprosirnations to lincs conncct'ing points not on the display grid 
can be developcd simply by using ks instwd of s in thc increnwntul calculations. 
This is on the assunlption that the lines do end on grid points of :I grid k t i nm 
finer. For completely arbitrary end-points the value of s can be cwried as a 
floating point qu:mtity. The same idea can be used for circles with noninteger 
radii and centers not lying on the display grid. 

The method also can be gcneralized to curvcs defined by arbitrary polylio~nials 



FIG. 3 Poinlb on (he  diwrele display grid pic4ied by t h ~  c.ircle generator. 

in x and y, including thc  conic srctions. Conic swtions c : ~ n  br gcw~: i t cd  much in 
the same \\-ay as  circlrs, hut  highrr-orchbr curws  rcquirr niultiplicntions for th r  
increnlental c:~lcul:ition of s, :is w l l  as dyn:mic decisions :\bout \vh:\t octnnt 

FIG. 4. Sample output of the circle generator. 



the curve falls in, and more complicated terminating conditions. (Sce also Pitte- 
way's algorithm [ 6 ] . )  

The method dcscribcd here for generating discrctc npproxim:~tions to circles 
for display purposcs has thc sdvnntngc that it produccs contiguous srts of points, 
unlike thc schcmcs of Dcnrrt [ l ]  and Lilppulaincm [%I .  It :ilso rrquires only 
fixed point addition and subtrnction. 

In  many situations one is faccd with an existing display dcvicc. that has point- 
and vector-generators, but no circle-gcncrators. For efficicncg reasons, one might 
accept an approxin~ation produced by drnwing vectors bet\vcen points lying on 
or near the circle. Gcncrating the required points by rcpcutcdly rvn1u:iting 
r cos ( i ~ / n )  ancl r sin ( i r j n )  is computtltionally inefficient, as pointcd out by 
Dcncrt [ I ] .  An al tern~tive would I>(: to  prccalculate cos ( r j n )  and sin ( r / n )  
and pcrform successive incremental rotations by matrix multiplicat,ion: 

.r ,  + I I cos (?r /?r )  - sin ( T i n )  2, 

+ 1 1  = I sin (n/,n) cos (T/??.) ! I  y ,  I 
While this can be done without recourse to trigonometric functions, flo:tting point 
:withmetic is still ncedcd. 

Fortunately, nicthods cxist for producing inow or lrss cvcnly spnccd points 
lying vcry near the circumfcrcncc of a circlc, by :dgorithms that rcquirc only 
fixed-point arithmetic. Ivan Sut11crl:lnd used such n schemc in his SI\ETCHPAD 
systcm [4]. 

The basic idea is to use u difference equation npproxim:xtion to tlw difl'crcntiol 
equations defining a circle, 

A suitable sct of difference equations might br  

This sct of difference cqunt,ions has a coefficient nxitrix wit11 clc-terminant gre:ltw 
than one and, in fact, ( ~ , + 1 ~  + y,,?) = ( 1  + l j k 2 ) ( r , , 2  + yta2).  SO thr  points 
generated lie on a spiral, not n circle. When inlplcmcnting t,his schcmc a coinillon 
programming bug is thc use of thc ncw value, .r,,+l, instcad of .I-,,, \vhcn cnlculnting 
y ,,+,. The corresponding ecluations arc : 

Curiously this set of equations produccs points in :I houl~ded rty$on, and it is 
shown in thc appendix that thcse points lit. on an ~llipsc. This cllipscx tmds  to a 
circlc as k is nude larger and larger. 

We are still faced with the use of floating-point arithmetic operations, how- 
ever. What happens if we conmit a sccond progrm~ming blundcr and usc fixed- 
point arithmetic, simply truncating thc rcsult of thc division? Surprisingly, thr 
points so generated still lie in n bounded region. For k in a ccrttlin range, t h ~  
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points even lie close to thc expected ellipse. Clearly, if all points lie in n bounded 
region on the display grid, there must he some duplic:ition. Evcntunlly the 
algorithm will produce some point a second timc. Since thc nest point is d e t w  
mined uniquely he the current point, the nlgoritlm will rrtr:rcc its strps from 
there on. 

Sotice also that the opcwtioi~ of the algoritllni is r(wwit)lt~ siiiw 

I t  follo\vs that the first point rrtraccd must br> the initid poiilt. 'l'liis does not 
mean, hoircvcr, that the output \rill cycle :~ftcr one rcvolutioii. Tho stt~rting 
point may, in fact, be rcachcd only aftcr scvcrul circuits around the origin, 
depending on the value of I; m d  the position of the initi:il point. The function 
circle-dots (ao, yo, r )  performs the rcquircd operations. 

circle-dots (zo, yo, r )  : x --t I . ;  y --t 0 ;  step-point 
do until .r = 1. V !I = 0, stq-point 

(.lid 
stcppoin t : point ( X O  + .r, 7111 + y) 

. r + s  - y l k ;  y + . r i k  +!I 
end. 

I t  rcmaiiis to discuss thc choice of Ii. lcor sint~ll v:duc.s of li, tht. approxinliitr 
ellipse will be quite t!cccntric, while for lnrgc v:ilurs tliv steps l~ccoiilc so smnll 
that the figure dcgencratcs into nn octagon or scplrr ,  bcc:luse of tru1ic:ltioli ill 

the nrithnwtic. This huppcws \rh(w Ii is iictir iniix ( I .ro ' , I yo I ), \rllcw (.ro, yo)  is 
the initial point. In bct\rcen, tl~cro is u \ritlc r:iiig(' of V I ~ I U C S  for k that will producc 
satisfactory approximations to circlvs. I'owrs of t ~ o  arc pnrticulnrly useful 
sincc the division c:~n thcm be rcpliwccl by a sinlplc riglit-shift oprr:ition. The 
function circledine (xo, yo, r )  gcncrutcs thc polygontd :~pproxiiu:ition to the circlc 
we have heen dcvcloping. 

circle-lint (.cU, yo,  r )  : x, ,  + r ;  y,, + 0 ;  stcpAine 
do while y ,  >_ 0 A y ,  < 0, stcp-lints 
line (x,, + XO, y,, + y o ,  r + .rot yo) 

end 
step-line : .r,, + x,,; y,, + g,, 

x, ,  + x P  - u p / k ;  .Y,& +.rn/li + u p  

linc (x, + XO, y p  + yo, X n  + XO, y ~ t  + yo) 
end. 

The points generutcd by this mcthod lie cluitc. olosc to tliv tlcsircd circle for 
rcasomble values of k .  If for soinc rr:ison higher arcuixcy is tlwirod one can resort 
to a variety of methods. First, it is simplo to store inultiplw of .r tind y-in cffcct. 
working iiltcridlj. II ith a finrr grid. Bccausc of thc 1:irger valurs of Ii possiblc o ~ i  
this grid, a closer approxiination to  3 circle is possible. Thc vulurs tire truncated 
on output. 

Secondly, one cull make use of the obscrvatioii thnt r,, in effect lags a half a 
step behind y , , .  Using +(.z,, + s , , L ~ )  inlproves matters considerably. The ellipse 
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now generated has its major axis along the x-axis and an eccentricity e = 1/2k. 
This becomes smaller more rapidly with increases in k than our previous value. 
( I t  varied inversely with the square root of k.) 

Finally, one can approximate the t>ransfornlation to  x' and y' given in the 
appendix. A good approximation is 

If k is a power of 2, this transformation again requires only addition, subtraction, 
and shifting. This generates very accurate, evenly spaced sets of points. 

The advantage of this algorithm over the one presented by Denert [l] is that 
the points produced are evenly spaced and do not require prior commitment to 
a fixed number of approximating vectors. 

APPENDIX: SOLUTION OF THE PAIR OF TIIFFERENCE EQUATIONS 

The set of difference equations 

d so  can be written as 

The determinant of the corresponding cocfficicnt matrix is 1. h solution can be 
found by assuming that it has thc form x, = asn and y,, = bsn (where a, b, and s 
may be complex). For 1 k 1 > 4, the solutions arc oscillatory and of equal ampli- 
tude in x and y. The form of this solution (which is not presented here) suggests 
the following simplifying substit.ution. Let. 

. r + y  2 - y  
.rt = and !j' = ----. 

[l + (1/2k)7 [l - (1/2k)]+ 
Then 

Substituting into the set of difference equations, one can show that, 

[l - (1/4k2)]* 
yn+lJ = - xnt + (1  - &)yn'. 

k 
Clearly now 

(x,+I')~ + ( ~ n + , ' ) ~  = (xn')' + (yn')'. 



So the-transformed coordinates all fall on a circle and in fact each step produces 
a new point a t  an angle 0 ahead of the previous one, where cos (0) = 1 - 1/2k2 
or sin (8/2) = 1/2k (for large k, we have e = I l k  and, hence, there are about 
2 ~ k  steps per revolution). 

Returning to t,hc original variables wr find 

This is the equation of an ellipse. Here r is the distance from the origin :it which 
the ellipse crosses the x- and y-axes. The major axis lics along thc line x = y 
and has a half-length of r l ( 1  - 1/2k):, while the minor axis, a t  right angles, has 
a half-length T/(I  + 1/2k)*. The eccentricity of tho ellipse is e = 1/(1 + kv2): .  
When k bccomcs large, the ellipsc tcnds to bccome ncarly circular. 

One way of understanding why thesc equations ge~wratc an cllipsc. rather than 
n circle is to note t,hat in effect x, lags a half a step (Bj2) behind y, in its oscilln- 
t>ion. This also explains why, when the stcps become small, the cllipsc rounds out 
into a near-circle. 
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