
Technical Report 232 

Shape From Shading: A 
Method for Obtaining the 

Shape of a Smooth Opaque 
Object From One View 

Berthold K. P. Horn 

-- - 

MIT Artificial Intelligence Laboratory 



SHAPE FROM SHADING:  A METHOD FOR O B T A I N I N G  

THE SHAPE OF A SMOOTH OPAQUE OBJECT FROM ONE V I E W  

B e r t h o l d  K. P .  H o r n  

N o v e m b e r  1 970 

PROJECT MAC 

MASSACHUSETTS I N S T I T U T E  OF TECHNOLOGY 

Cambr i dge M a s s a c h u s e t t s  02139 



ACKNOWLEDGMENTS 

The author  wishes t o  express h i s  app rec ia t i on  t o  everyone who 
con t r i bu ted  t o  the  i n t e r e s t i n g  research environment. 

'Work repor ted  he re in  was supported i n  p a r t  by P r o j e c t  MAC, an 
M.I.T. research program sponsored by t he  Advanced Research 
P ro jec t s  Agency, Department o f  Defense, under O f f i c e  o f  Naval 
Research Contract  Number ~on r -4102 (02 ) .  Reproduction i n  whole 
o r  i n  p a r t  i s  permi t ted  f o r  any purpose o f  the  Un i ted  States 
Government. 

Th is  research was a l s o  supported by t he  South-Afr ican Chamber 
o f  Mines and the  Counci l  f o r  I n d u s t r i a l  and S c i e n t i f i c  Research. 



SHAPE FROM SHADING:  A METHOD FOR OBTAINING 
THE SHAPE OF A SMOOTH OPAQUE OBJECT FROM ONE VIEW;? 

A b s t r a c t  

A method w i l l  be desc r ibed  f o r  f i n d i n g  t h e  shape o f  a  smooth 
opaque o b j e c t  f rom a monocular image, g i ven  a  knowledge o f  t h e  
su r face  photometry,  t h e  p o s i t i o n  o f  t h e  l i g h t - s o u r c e  and c e r t a i n  
a u x i l i a r y  i n f o r m a t i o n  t o  r e s o l v e  a m b i g u i t i e s .  T h i s  method i s  
complementary t o  t h e  use o f  stereoscopy which r e l i e s  on matching 
up sharp d e t a i l  and w i l l  f a i l  on smooth o b j e c t s .  U n t i l  now t h e  
image p rocess ing  o f  s i n g l e  v iews has been r e s t r i c t e d  t o  o b j e c t s  
which can m e a n i n g f u l l y  be cons idered two-dimensional o r  bounded 
by p lane  su r faces .  

I t  i s  p o s s i b l e  t o  d e r i v e  a  f i r s t - o r d e r  non-1 inear  p a r t i a l  d i f f e r -  
e n t i a l  equa t ion  i n  two unknowns r e l a t i n g  t h e  i n t e n s i t y  a t  t h e  image 
p o i n t s  t o  t h e  shape o f  t h e  o b j e c t .  T h i s  equa t ion  can be so lved by 
means o f  an e q u i v a l e n t  s e t  o f  f i v e  o r d i n a r y  d i f f e r e n t i a l  equa t ions .  
A cu rve  t r a c e d  o u t  by s o l v i n g  t h i s  s e t  o f  equat ions f o r  one s e t  o f  
s t a r t i n g  va lues i s  c a l  l e d  a  c h a r a c t e r i s t i c  s t r i p .  S t a r t i n g  one o f  
these s t r i p s  f rom each p o i n t  on some i n i t i a l  cu rve  w i l l  produce t h e  
whole s o l u t i o n  su r face .  The i n i t i a l  curves can u s u a l l y  be c o n s t r u c t -  
ed around s o - c a l l e d  s i n g u l a r  p o i n t s .  

A number o f  a p p l i c a t i o n s  o f  t h i s  method w i l l  be d iscussed i n c l u d i n g  
one t o  l u n a r  topography and one t o  t h e  scanning e l e c t r o n  microscope. 
I n  b o t h  o f  these cases g r e a t  s i m p l i f i c a t i o n s  occur  i n  t h e  equa t ions .  
A n o t e  on po lyhedra f o l  lows and a q u a n t i t a t i v e  theory  o f  f a c i a l  make- 
up i s  touched upon. 

An implementat ion o f  some o f  these ideas on t h e  PDP-6 computer w i t h  
i t s  a t tached  image-d issector  camera a t  t h e  A r t i f i c i a l  I n t e l l i g e n c e  
Labora to ry  w i l l  be desc r ibed ,  and a l s o  a  nose- recogn i t i on  program. 

&This  r e p o r t  reproduces a  t h e s i s  o f  t h e  same t i t l e  submi t ted  t o  
t h e  Department o f  E l e c t r i c a l  Engineer ing,  Massachusetts I n s t i t u t e  
o f  Technology, i n  p a r t i a l  f u l f i l l m e n t  o f  t h e  requirements f o r  t h e  
degree o f  Doctor o f  Ph i losophy,  June 1970, 
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Figure  1 :  P i c t u res  o f  a  nose w i t h  superimposed c h a r a c t e r i s t i c  
s o l u t i o n s  and contours.  Shape determined from the  
shading (not  i n t e n s i t y  con tours ) .  See sect ion  4.3 - 
f o r  deta i 1 s. 
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I ,I S H A E I N G  A S  A NONOCULAR DEPTH CL'E : 

C o n s i d e r  a  smooth o b j e c t  known t o  have a u n i f o r m  s u r f a c e .  An 

image o f  such an o b j e c t  w i l l  e x h i b i t  s h a d i n g  ( g r a d a t i o n s  o f  

r e f l e c t e d  l i g h t  i n t e n s  i t y )  wh i ch  can be used  to d e t e r m i n e  i t s  

shape, g i v e n  o n l y  a p i c t u r e  f r o m  a s i n g l e  v i e w p o i n t .  T h i s  i s  

n o t  o b v i o u s  s i n c e  a t  each  p o h t  i n  t h e  image we know o n l y  t h e  

r e f l e c t i v i t y  a t  t h e  c o r r e s p o n d i n g  o b j e c t  p o i n t ,  Fo r  some 

p o i n t s  ( c a l  l e d  s i n g u l a r  p o i n t s  h e r e )  t h e  r e f l e c t i v i t y  does 

u n i q u e l y  de te rm ine  t h e  l o c a l  normal ,  b u t  f o r  a l m o s t  a l l  

p o i n t s  i t  does n o t .  The shape o f  t h e  s u r f a c e  canno t  be f o u n d  

b y  l o c a l  o p e r a t i o n s  a l o n e ,  

a 

O R M A L  

F igu re  2: D e f i n i t i o n  o f  t h e  i n c i d e n t  ( i ) ,  emi t t ance  ( e )  

and phase ang le  ( g )  . 
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Fo r  many s u r f a c e s  t h e  f r a c t i o n  o f  t h e  i n c i d e n t  1 i g h t  w h i c h  i s  

s c a t t e r e d  i n  a g i v e n  d i r e c t i o n  i s  a  smooth f u n c t i o n  o f  t h e  

a n g l e s  i n v o l v e d ,  I t  i s  c o n v e n i e n t  t o  t h i n k  o f  t h e  s i t u a t i o n  

a s  depend ing  on t h r e e  a n g l e s :  t h e  i n c i d e n t  a n g l e  ( b e t w e n  

l o c a l  n o r m a l  a n d  i n c i d e n t  r a y ) ,  t h e  e m i t t a n c e  ( o r  emergen t )  

a n g l e  (between l o c a l  n o r m a l  a n d  e m i t t e d  r a y )  and t h e  p h a s e  

a n g l e  (be tween  i n c  i d e n t  and  e m i t t e d  r a y s ) ,  

I t  can  be shown t h a t  t h e  shape c a n  be o b t a i n e d  f r o m  t h e  

s h a d i n g  i f  we know t h e  r e f l e c t i v i t y  f u n c t i o n  a n d  t h e  p o s i t i o n  

o f  t h e  l i g h t - s o u r c d s ) ,  The r e f l e c t i v i t y  a n d  t b e  g r a d i e n t  o f  

the s u r f a c e  can  be r e l a t e d  by  a  non-1  i n e a r  f i  r s t - o r d e r  

p a r t i a l  d i f f e r e n t  i a l  e q u a t  i o n  i n  t w o  unknowns. The r e c i p e  

f o r  s o l v i n g  t h i s  e q u a t i o n  i s  t o  s e t  up an e q u i v a l e n t  s e t  o f  

f i v e  o r d i n a r y  d i f f e r e n & , i a l  e q u a t i o n s  ( t h r e e  f o r  t h e  

c o o r d i n a t e s  a n d  t w o  f o r  t h e  components o f  t h e  g r a d i e n t )  and 

t h e n  t o  i n t e g r a t e  t h e s e  n u r w r i c a l  l y  a l o n g  c e r t a i n  c u  w e d  

p a t h s  on t h e  o b j e c t  c a l  l e d  c h a r a c t e r i s t i c s  151, F o r  w h i l e  we 

c a n n o t  d e t e r m i n e  t h e  g r a d i e n t  l o c a l l y ,  we can, r o u g h l y  

speak ing ,  d e t e r m i n e  i t s  component i n  one s p e c i a  1 d l  r e c t  i o n ,  

Then t a k i n g  a s r r a l l  s t e p  i n  t h i s  d i r e c t i o n ,  we can  r e p e a t  t h e  

p r o c e s s  - t h e  c u r v e  t r a c e d  o u t  on t h e  o b j e c t  I n  t h i s  manner 

i s  c a l  l e d  a  c h a r a c t e r i s t  i c ,  I t s  p r o j e c t  i o n  on t h e  image 

p l a n e  w i l l  b e  r e f e r r e d  t o a s  t h e  base  c h a r a c t e r i s t i c .  The 

shape o f  t b e  v i s i b l e  s u r f a c e  o f  t h e  o b j e c t  i s  t h u s  g i v e n  as a 



sequence o f  c o o r d i n a t e s  an some such c u r v e s  a l o n g  i t s  

s u r f a c e .  

An i n i t i a l  known c u r v e  on t h e  o b j e c t  i s  needed t o  s t a r t  t h e  

s o l  u t  i on .  Such a c u r v e  can usua 1 l y  be c o n s t r u c t e d  n e a r  t h e  

s i n g u l a r  p o i n t s  ment ioned e a r l  i e r  u s f n g  t h e  known ' l o c a l  

n o r m  I .  The o n l y  a d d i t i o n a l  i n f o r m a t i o n  needed Is t h e  

d i s t a n c e  t o  t h e  s i n g u l a r  p o i n t  and whether  t h e  s u r f a c e  I s  

convex o r  concave w.r.t .  t h e  o b s e r v e r  a t  t h i s  p o h t  - such 
a m b i g u i t i e s  a r i s e  i n  s e v e r a l  o t h e r  i ns tances  i n  t h e  p rocess  

o f  s o l u t i o n  a s  w i l l  be seen. 

Figure 3 :  Image of a sphere and a  stereo-pair of the 

character is t ic  curves obtained from the shading. 

To s o l v e  t h e  equat  ions, t h e  r e f l e c t  lv i t y  a s  a funct  !on o f  t k ~  

t h r e e  a n g l e s  must be known, a s  w e l l  a s  t h e  geometry  r e t a t h g  

1 i gh t - sou rce ,  o b j e c t  and obse rve r .  Mult i p I e  o r  exkerrded  
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l i g h t - s o u r c e s  i n c r e a s e  t h e  c o m p l e x i t y  o f  t h e  s o l u t i o n  

a l g o r i t h m  p r e s e n t e d ,  But a l l  o f  t h i s  i n i t i a l l y  needed 

i n fo r rna t  i o n  can be deduced f r o m  t h e  iwage i f  a  c a l  i b r a t  i o n  

o b j e c t  o f  known shape i s  p r e s e n t  i n  t h c  s a m  image , 

Fur thermore,  i n c o r r e c t  assumpt ions  abou t  t h e  r e f l e c t  i v  I t y  

f u n c t i o n  and  t h e  p o s i t i o n  o f  t h e  l i g h t - s o u r c e W  can l e a d  t o  

i n c o n s i s t e n c i e s  i n  t h e  s o l u t i o n  and i t  may be p o s s i b l e  t o  

u t i l i z e  t h i s  i n f o r m a t i o n  i n  t h e  absence o f  a c a l i b r a t i o n  

o b j e c t ,  

I n  p r a c t i c e  i t  i s  f ound  t h a t  i f  t h e  o b j e c t  i s  a t  a l l  corrplex,  

i t s  image w i l l  be segmented b y e d g e s ,  Some o f  t h e s e  a r e  

p u r e l y v i s u a l ,  due t o  t h e  occLus ion  o f  one s u r f a c e  by 

ano the r ,  o t h e r s  a r e  a n g u l a r  edges ( a l s o  c a l l e d  j o i n t s  h e r e )  

on a . s i n g l e  o b j e c t ,  Ano the r  k i n d  o f  edge i s  t h e  a m b i g u i t y  

edge. T h i s  i s  an edge wh ich  t h e  c h a r a c t e r l s t i c s  canno t  

c ross ,  i n d i c a t  i n g  an a m b i g u i t y  wh i ch  canno t  be r e s o l v e d  

l o c a l  l y .  One can s o l v e  i n s i d e  eacb r e g i o n  bounded b y  t h e s e  

v a r i o u s  edges, b u t  some g l o b a l  o r  e x t e r n a l  knowledge i s  

needed t o  match up t h e  r e g i o n s ,  I n  t h e  case  o f  an a n g u l a r  

edge on t h e  o b j e c t  one can i n t e g r a t e  up t o  t h e  edge and t h e n  

use t h e  known l o c a t  i on  o f  t h e  edge a s  an i n i t i a l  c u r v e  f o r  

a n o t h e r  r e g i o n  ( p r o v i d e d  one r e s o l v e s  t h e  a m b i g u i t y  p r e s e n t  

here ,  a s  on a l l  i n i t i a l  c u r v e s ) ,  



A v e r y  s i m i l a r  s i t u a t i o n  a l s o  o b t a i n s  when onc b r i d g e s  a 

shadow, S i n c e  one edge  o f  t h e  shadow and t h e  p o s i t  i o n  o f  

t h e  l i g h t  source  i s  known, we can t r a c e  a l o n g  t h e  r a y s  

g r a t i n g  t h e  edge u n t  i i t h e  c o r r e s p o n d i n g  image p o i n t s  f a 1  1 on 

an i l  l u m i n a t e d  r e ~ i o n ,  S i n c e  we know t h e  p a t h  o f  each  ray,  

we can c a l c u l a t e  t h e  c o o r d i n a t e s  o f  t h e  p o i n t  t h e r e  i t  

impinges on t h e  o b j e c t .  The edge  o f  t h e  shadow ( v h i c b  need 

n o t  be on t h e  same o b j e c t )  can now s c r v e  as  an I n i t i a l  c u r v e  

f r o m  wh ich  t o  c o n t i n u e  t h e  s o l u t i o n ,  

A number o f  i n t e r e s t i n g  a p p l  i c a t  ions o f  t h i s  method can be 

ment ioned.  The f i r s t  o f  t h e s e  concerns  t h e  scann ing  e l e c t r o n  

m ic roscope  ( S E W  w h i c h  p roduces  images wh ich  a r e  p a r t i c u l a r l y  

easy  t o  i n t e r p r e t ,  s i n c e  t h e  i n t e n s i t y  r e c o r d e d  i s  a  f u n c t i o n  

o f  t h e  s l o p e  o f  t h e  o b j e c t  a t  t h a t  p o i n t  and  i s  t h u s  a f o r m  

o f  shad ing  ( a s  opposed t o  o p t i c a l  and  t r a n s m i s s i o n  e l e c t r o n  

mic roscopes  wh ich  p roduce i n t e n s  i t  i e s  wh ich  depend on 

t h i c k n e s s  and  o p t  i c a l  o r  e l e c t r o n  d e n s i t y ) ,  The geomet ry  o f  

t h e  scann i n g  e l e c t  ron mic  roscope a 1 I ows seve r a  t 

s imp1 i f  i c a t  i ons  i n  t h e  a l g o r i t h m  f o r  d e t e r m i n i n g  shape f r o m  

shad ing  ( e . g ,  t h e  r e  a re  n o  shadows 1, Because o f  t h e  random 

access  c a p a b i l i t y  o f  t h e  beam o f  t h i s  m ic roscope  i t  s h o u l d  he 

easy a n d  u s e f u l  t o  combine i t  w i t h  a s m a l l  computer  t o  o b t a i n  

t b ree -d imens iona l  i n f o r m a t  i o n  d i  r e c t  l y ,  



Another -  i m p o r t a n t  a p p l  i c a t  i o n  1 i c s  i n  t h e  d e t e r r n i n a t  i o n  o f  

l u n a r  t o p o g r a p h y ,  t i e re  t h e  s p e c i a l  r e f l e c t i v i t y  f u n c t i m  o f  

t h e  m a t e r i a l  i n  t h e  m a r i a  o f  t h e  moon a l l o w s  a v e r y  g r e a t  

s i m p l i f i c a t i o n  o f  t h e  e q u a t i o n s  used  i n  t h e  s h a p e - f r o m -  

s h a d i n g  a l g o r i t h m ,  The e q u a t i o n s  i n  f a c t  reducc  t o  one 

i n t e g r a l  w h i c h  has  t o  be e v a l u a t e d  a l o n g  each  o f  a f a m i l y  o f  

p r e d e t e r m i n e d  s t r a i g h t  1  i nes  i n  t h e  image, mak ing  f o r  h i g h  

a c c u r a c y ,  T h i s  p r o b l e m w a s  f i r s t  t a c k l e d  f o r  a r e a s  n e a r  the 

t e r m i n a t o r  ( t h e  d i v  i c !  i n g  1 i n e  be tween  t h e  i 1 l u m i n a t e d  a n d  t b e  

un il l u m i n a t e d  p a r t  o f  t h e  moon's d i s k )  by J.  van D i g ~ e l e n  a t  

t h e  A s t r o n o m i c a l  I n s t i t u t e  o f  t h e  N e t h e r l a n d s  i n  1 9 5 1  C21  and 

s o l v e d  b y  T. R i n d f l e i s c h  a t  t h e  J e t  P r o p u l s i o n  L a b o r a t o r y  i n  

1 9 6 6  141 and  t h e  me thod  a p p l i e d  t o  s e v e r a l  p i c t u r e s  r e t u r n e d  

by t h e  Ranger s p a c e c r a f t ,  T h i s  gave  t h e  f i r s t  i n d i c a t i o n  

t h a t  t h e  g e n e r a l  s o l u t i o n  d i s c u s s e d  h e r e  m i g h t  be p o s s i b l e .  

I t  s h o u l d  be p o i n t e d  o u t  t h a t  t h i s  method i s  c o n p l e m n t a r y  t o  

t h e  use o f  s t e r e o p s i s ,  s i n c e  t h e  l a t t e r  w i l l  match up s h a r p  

d e t a i  1 and  edges wh i  l e  t h e  s h a d i n g  i n f o r m a t  i o n  w i l  1 d e t e r m i n e  

t h e  shape o f  t h e  smooth p o r t i o n s  o f  t h e  s u r f a c e .  

So f a r  tie have assumed t h a t  t h e  s u r f a c e  i s  u n i f o r m  i n  i t s  

p h o t o m e t r i c  p r o p e r t i e s ,  Any n o n - u n i f o r m i t y  w i l l  cause t h i s  

a l g o r i t h m  t o  d e t e r m i n e  an i n c o r r e c t  shape, T h i s  i s  one o f  

t h e  uses o f  f a c i a l  make-up; by  d a r k e n i n g  c e r t a i n  s l o p e s  t h e y  



can b c  made t o  a p p e a r  s t e e p e r  f o r  e x a m p l e .  I n  some c x e s  

s u r f a c e - m a r k i n g s  can be d e t e c t e d  i f  t h e y  l e a d  t o  

d i s c o n t  i n i ~ i t  i e s  o f  t h e  c a l c u l a t e d  s t : a j x .  

J u d g i n g  by  o u r  wide  usc o f  monocu la r  p i c t u r e s  (pho tog raphs  o r  

even p a i n t i n g s  a n d  woodcu ts )  o f  p e o p l e  and  o t h e r  smooth 

o b j e c t s ,  humans a r e  good a t  i n t e r p r e t  i n g  s h a d i n g  i n f o r m a t  ion .  

The s h o r t - c o m i n g s  o f  o u r  p e t h o d  wh ich  a r e  r e l a t e d  t o  t h e  

shad ing  i n f o r n i a t  i on  a v a i l a b l e  can be e x p e c t e d  t o  b e  f ound  i n  

human v i s u a l  p e r c e p t i o n  t o o .  I t  w i l l  o f  cou rse  be d i f f i c u l t  

t o  d e c i d e  w h e t h e r  t h e  v  i s u a l  sys tem a c t u a l  l y  de te rm ines  t h e  

shape q u a n t i t a t i v e l y  o r  whe the r  i t  uses t h e  s h a d i n g  

i n f o r m a t i o n  i n  a v e r y  qua1 i t a t  i v e  way o n l y .  A q u a n t i t a t i v e  

d e t e r m i n a t i o n  wou ld  i n v o l v e  o p e r a t  i ons  more cornpl i c a t e d  t h a n  

t h o s e  used i n  e d g e - f  i n d i n g  f o r  example.  S i n c e  t h e  

i n f o r m a t  i o n  i s  n o t  l o c a l ,  t h e  s u r f a c e - s h a p e  c a l c u l a t i o n s  

canno t  be c a r r i e d  o u t  e n t i r e l y  i n  p a r a l l e l .  

1 . 2  H I S T O R Y  OF THE PROELEf4:  

A f t e r  f o r r n u l a t  i n g  t h e  image i 1 l u m i n a t  ion  cqua t  i o n  as  t h e  

bas i s  o f  a method o f  f i n d i n g  shape f rom shad ing ,  a 1 i t s r a t u r e  

s e a r c h  was p e r f o r m e d  t o  see  i f  a s o l u t i o n  had p r e v  i a u s l y  been 

o b t a i n e d .  The 1 i t e r a t u r e  on p e r c e p t i o n  has o n l y  a f e w  



conjectures on t h e  p o s s i b i l i t y  o f  d e t e r m i n i n r :  shape f r o m  t h e  

monocu la r  depth-cue o f  shad ing .  Photog rarnrnet r y  does n o t  p a y  

much a t t e n t i o n  t o  t h e  r e f l e c t i v i t y  f u n c t i o n ,  b u t  o n l y  v a r l o u s  

i n t e g r a l s  o f  i t ,  measured b y  such d e v i c e s  a s  t h e  i n t e g r a t i n g  

pho to rnc te r .  t i l t h  few e x c e p t  i o n s  mach inc! p e r c e p t  i o n  s o  f a r  

has been r e s t r i c t e d  t o  o b j e c t s  wh i ch  can u s c f u l l y  be  

c o n s i d e r e d  two-d inens  i o n a l  and o b j e c t s  bounded by p l a n e s  

( p o l y h e d r a ) ,  

The one r e l e v a n t  resea rch  was f o u n d  i n  t k e  p a p e r  on l u n a r  

t opog raphy  b y  T , R i n d f  l e  i s c h  141  which g i v e s  comp l e t e  d e t a i  l s  

o f  a s o l u t i o n  o b t a i n e d  i n  t h e  fo rm o f  an i n t e g r a l  i n  t h e  

s p e c i a l  case o f  t h e  r e f l e c t i v i t y  f u n c t i o n  o f  t h e  moon. T h i s  

r a i s e d  t h e  hope t h a t  a g e n e r a l  s o t u t i o n  e x i s t e d ,  The 

(x',ye,r) c o o r d i n a t e  sys tem used i n  C41 l eads  t o  I n t r a c t a b l e  

e q u a t i o n s  - b u t  we found a s o l u t i o n  us i n &  a  d i f f e r e n t  

c o o r d i n a t e  system, (xO,y', t) .  As a check t h e  s o l u t i o n  f o r  

l u n a r  t opog raphy  was r e d e r i v e d  f r o m  t h i s  s e t  o f  e q u a t i o n s  

( R i n d f t e i s c h  f o u n d  h i s  s o l u t i o n  i n  q u i t e  a d i f f e r e n t  manner - 
s e a r c h i n g  f o r  p r e d e t e r m i n e d  c u r v e s  I n  t h e  image a l o n g  wh ich  

t h e  s u r f a c e  can be f o u n d  as some i n t e g r a l  i n v o l v i n g  t h e  

measured i n a g e  i l  l u rn ina t  i o n ) .  A f i r s t  p rog ram ( o l d  S H A D E )  

was t h e n  w r i t t e n  wh i ch  s o l v e d  a l o n g  one c h a r a c t e r i s t i c  a t  a 

t i m e  u s i n g  v a r i o u s  p r e d i c t o r - c o r r e c t o r - m o d i f  i e r  methods 1 7 1 .  
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A n o t h c r  p r o E r m  ( R E F L E W  was used t o  m a s u r e  t h e  r e f l e c t i v i t y  

f u n c t  i o n  f r o n  a c a i  i b r a t  i o n  s p h ~ v c ? .  V a r i o u s  s h o r t - c o n i n g s  o f  

o u r  i r i : a g e - d i s s e c t o r  s e n s i n g  d e v i c e  w c r c  a f f e c t i n g  t h ~  

a c c u r a c y  o f  t h e s e  r n s a s ~ ~ r c n - m t s  , S i n c c  v e r y  1 i t t  l c  was known 

a b o y t  t h e  c h a r a c t e r i s t i c s  o f  t h i s  d c v i c c  on o t h e r  t h a n  

t h e o r e t i c a l  g rounds  191, a p r o g r a m  ( T F X Y U R )  was d e v e l o p e d  t o  

measure v a r i o u s  p r o p e r t i e s  such  a s  r e s o l u t i o n ,  s i g n a l  t o  

n o i s e  r a t i o ,  d r i f t ,  s e t t l i n g  t i n e ,  s c a t t e r  and p i n h o l e s  i n  

t h e  p h o t o c a t h o d e .  An a t t e m p t  was t h e n  made t o  p r o v i d e  

s o f t w a r e  t o  compensate  f o r  sore d e f e c t s  such as d i s t o r t i o n  

and n o n - u n i f o r m  sens Tt fv I t y ,  u s i n g  m e a s u r e m m t s  f r c m  t e s t  

p a t t e r n s  ( D I S T O R ) ,  

These t e c h n i q u e s  a1  l owed  an e s t  h a t  i o n  o f  what  a c c u r a c y  can 

be a c h i e v e d  unde r  o p t i m a l  c o n d i t i o n s .  The p r o o r a m  h a d  

numerous p rob lems  when d c a t  h e ;  w i t h  o b j e c t s  o t h e r  t h a n  s i m p f c  

convex ones (most  I y because  i t  s o t v e d  each c h a r a c t e r  1 s t  i c  

s e p a r s t e !  y )  2nd a 5  must  b~ a p p a w n t ,  was s c n s l t  i v c  t o  

i m p e r f e c t  i o n s  i n  t h e  sens I n g  d e v i c e  ( p a r t l y  because  o f  t h e  

way I t  o b t a i n e d  i n t e n s i t y  g r z d i c n t s ) ,  

A f t e r  t h e  d e f e c t s  i n  t h e  f i r s t  p r o g r a m  h a d  been found,  a n d  a 

d e c i s i o n  made t c  r e w r i t e  i t ,  a g r e a t  . s i m p l i f i c a t i o n  o f  t h e  

m a i n  e q u a t i o n s  was found u s i n g  a d i f f e r e n t  c o o r d i n a t e  sys tem 

( x , y , t )  and a s l  Tght e x t e n s i o n  o f  s t a n d a r d  v e c t o r  n o t a t i o n  



( t  bc v o l u m i n o u s  e q u a t i o n s  f o r  t h e  i nconven  l e n t  c o o r d i n a t e  

s y s t e n ~  ( x  ,y , z )  a r e  n o t  r e p r o d u c e d  h e r e ) ,  A n  u n f o r t u n a t e  

b u t  un i m p o r t a n t  s  i r k - e f f e c t i s  an i n c w a s e  i n  t h e  corrp [ e x  i t y  

o f  t h e  d e r i v a t i o n  o f  t h e  l u n a r  t o p o g r a p h y  i n t e g r a l ,  The new 

e q u a t i o n s  and  n u m r o u s  changes i n  t h e  method  o f  s o l u t i o n  were  

i n c o r p o r a t e d  i n  a new p r o g r a m  ( n e w  SHADE) w h i c l i  was l e s s  

sens i t  i v c  t o  t h e  v a r i o u s  s h o r t c o m i n g s  o f  o u r  I m a g e - d i s s e c t o r ,  

T h i s  p r o g r a m  can  h a n d l e  o b j e c t s  s o w w h a t  more  comrr 1 i c a t e d  

t h a n  i t s  p r e d e c e s s o r  and  s o l v e s  a l l  c h a r a c t e r i s t i c s  a t  the  

same t i m e ,  

I n  p a r a 1  l e l  w i t h  t h e  p rogramming  work, t h c o r c t  i c a l  e f f o r t s  

were made t o  d e f i n e  and g e t  a r o u n d  some o f  t h e  d i f f i c u l t i e s  

o f  t h e  me thod  o f  shape f r o m  s h a d i n g ,  O f  p a r t i c u l a r  i n t e r e s t  

were a p p l  i c a t  i o n s  where t h e  e q u a t  i o n s  s  imp1 i f y  g r e a t  l y e  

U n f o r t u n a t e l y  t h e  ~ a s s i v e  s i m p l i f i c a t i o n  f o u n d  i n  the case  o f  

l u n a r  t o p o p y a p h y  i s  u n i q u e ,  O f  most  i n t e r e s t  a r e  t h e  cases  

where we have  some advance know ledge  o f  t h e  c h a r a c t e r  i s t  i c s  

( f o r  l u n a r  t o p o g r a p h y  t h e y  a r e  c o r p t e t e l y  i ndependen t  o f  t h e  

image - f o r  t h e  s c a n n i n g  e l e c t r o n  m i c r o s c o p e  t h e y  a r e  p a t h s  

c f  s t e e p e s t  d e s c e n t ) ,  



1 . 3  P R E V I E k i  O F  CHAPTERS - G U I C E  TO THE H U R R I F D  R E A D E R :  

R e f e r e n c e s  t o  a r t i c l e s  and books  l i s t e d  a t  t h e  end w l  1 1  be b y  

numbers encicjscd i n  b r a c k e t s .  Nuvhers  c m t a i n e d  i n  

p a r e n t h e s e s  r e f e r  t o  s e c t  i o n s  and s u b s e c t i o n s  i n  t h i s  wo rk .  

I n  an a t t e m p t  t o  be comp le te ,  a f e w  s u b s e c t  i ons  were i n c l u d e d  

w h i c h  w i  1 1  have o n l y  1  i n i i t e d  appea l  t o  some reade rs ;  hence 

t h i s  g u i d e .  

C h a p t e r  1  p r o v i d e s  an i n t r o d u c t  i on  t o  t h e  dep th -cue  o f  

shad ing ,  i t s  use i n  d e t e r m i n i n g  shape and i t s  h i s t o r y .  

C h a p t e r  2 d e v e l o p s  t h e  n e c e s s a r y  e q u a t i o n s  i n  d e t a i l ,  

s t a r t i n g  w i t h  t h e  d e f i n i t i o n  o f  t h e  r e f l e c t i v i t y  f u n c t i o n .  

Subsec t  i o n s  2 J  A! t o  2 , l  .4 a n d  2 . 2  can  w e l l  be s k i p p e d  b y  t h e  

h u r r i e d  r e a d e r .  I n  s e c t  i o n  2 . 3  t h e  p a r t i a l  d i f f e r e n t  i a l  

e q u a t  i o n  i s  o b t a i n e d ,  t h e  v e c t o r  d i f f e r e n t  l a t  i o n  n o t a t  i o n  

i n t r o d u c e d  and  an e q u i v a l e n t  s e t  o f  f i v e  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n s  d e r i v e d .  S e c t i o n  2 , 3  i s  p e r b a p s  t h e  

m o s t  i m p o r t a n t  s e c t  i o n .  Sec t  i o n s  2.12 t o  2.16 d e a l  w i t h  sorce 

m i s c e l  l aneous  imp1 i c a t  i o n s  a n d  may be o m i t t e d  w i t h o u t  l o s s  o f  

c o n t i n u i t y .  

C h a p t e r  3 d e s c r i b e s  i n  d e t a i l  some p r a c t i c a l  s i t u a t i o n s  where 

t h e  s p e c i a l  c o n d i t i o n s  e n c o u n t e r e d  make use o f  t h e  method o f  

d e t e r n i i n  i n g  shape - f  rom-shading p a r t  i c t l I a t - 1  y a t t r a c t i v e .  
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S e c t i o n  3 . 1  d e a l s  w i t h  t h e  s c a n n i n z  e l e c t r o n  m i c r o s c o p c .  The 

r e a d e r  s h o u l d  be warned a b o u t  t h c  t e d i o u s  d e r i v a t i o n  o f  t b e  

s i m p l e  i n t e g r a l  f o r  t h e  case  o f  l u n a r  t o p o g r a p h y  i n  3.2 . 
O m i t t i n g  s u b s e c t i o n  3.2.3 w i l l  a v o i d  t h e  b u l k  o f  t h e  

a l g e b r a i c  d e t a i l ,  a n d  most  o f  t h e  c o n c l u s i o n s  w i l l  be f o u n d  

anyway i n  s u b s e c t  i o n  3.2.4 . 

C h a p t e r  4  d e s c r i b e s  t h e  e x p e r i m e n t s  c a r r i e d  o u t  w i t h  t h e  t w o  

p rograms ( u s i n g  t h e  r e s u l t s  d e v e l o p e d  i n  c h a p t e r  2 )  t o  o b t a i n  

shapes f r o m  images p r o j e c t e d  on an image d i s s e c t o r  camera 

a t t a c h e d  t o  t h e  PDP-6  compu te r  i n  t h e  A r t i f i c i a l  I n t e l  1 i g e n c e  

L a b o r a t o r y ,  S e c t i o n  4.1 d e a l s  w l t h  t h e  l e s s  s u c c e s s f u l  f i r s t  

p rogram,  a n d  c o n t a i n s  d e t a i  1s on a u x i  1 i a r y  r o u t i n e s ,  Sec t  ion 

4.2 d e a l s  w i t h  t h e  second  p r o g r a m  w h i c h  s o l v e s  t h e  

c h a r a c t e r i s t  i c s  i n  p a r a 1  !el and a l s o  uses t h e  i m p o r t a n t  

s h a r p e n i n g  p r o c e s s .  S e c t i o n s  4.1 and 4 .2  a r e  n e x t  i n  

i m p o r t a n c e  t o  s e c t i o n  2.3 . 

Sec t  i o n  4.3 d e s c r i b e s  an a p p l i c a t i o n  t o  a r e c o g n i t i o n  t a s k  - 
t h a t  o f  n o s e - r e c o g n i t i o n ,  S e c t i o n  4.4 c o n t a i n s  a n  o v e r a l l  

summary a n d  c c n c l u s i o n s  a b o u t  t h e  c a p a b i l i t i e s  o f  t h e  method 

o f  shape - f r om-shad inc ,  w i t h  s u b s e c t  ion  4.4.1 g i v i n g  

s u g g e s t i o n s  f o r  f u t u r e  i n v e s t i g a t i o n s .  T h i s  i s  f o l l o w e d  b y  a 

l i s t  o f  r e f e r e n c e s .  



2 .  T IEORET ICAL RESULTS : 

2.1 THE R E F L E C T I V I T Y  FUI\JCTION: 

2.1.1 DEF I N  I T  I O E l  OF THE R E F L E C T I V I T Y  FUtJCT IO?J 

ANGLE 

A dS 

Figure 4: I l lustration of the variables used in the 

definition of the ref lect ivi ty function. 

C o n s i d e r a  s u r f a c e  e l e m e n t  o f  s l t e  dS i n c l i n e d  i w . r . t .  t h e  

i n c i d e n t  r a y  a n d  e w . r . t .  t h e  e m i t t e d  r a y  (The  a n g l e s  a r e  

measured  w . r . t ,  t h e  n o r m a l ) .  L e t  t h e  i n c i d e n t  l i g h t  

i n t e n s i t y  be  I, p e r  u n i t  a r e a  p e r p e n d i c u l a r  t o  t h e  i n c i d e n t  

r a y .  The amount o f  l i g h t  f a l l i n g  on t h e  s u r f a c e  e l e m e n t  i s  

t hen  I, cos(i1 dS. 

L e t  t h e  e m i t t e d  r a y  have i n t e n s i t y  I, p e r  u n i t  s o l  i d  a n g l e  

p e r  u n i t  a r e a p e r p e n d i c u l a r  t o  t h e e m i t t e d  r a y .  S o t h e  
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t an (a )  = cos (e)cos (g )  - cos ( i  ) 

cos ( e ) s i n ( g )  

cos(A) = cos ( g )  - cos ( i  )cos ( e )  

F igure  5 :  D e f i n i t i o n  o f  t he  azimuth angle  (A) and t he  

p r o j e c t i o n  o f  t he  emi t tance angle  on t he  phase- 

angle  p lane - (a) .  



amount o f  1 i g h t  i n t e r c e p t e d  b y  an a r e a  s u b t x n c l i n ~  a s o l  i d  

a n g l e  d~ a t  tllc s u r f a c e  e l e m e n t  v.4 1 1  he I, c o s ( e )  dS dw, The 

r e f l e c t  i v i t y  f u n c i o n  b(i,e,g) i s  t h e n  d c f i n e d  t o  be I J I , ,  

I f  we want t o  be more p r e c i s e  a b o u t  w h a t  u n i t s  thc! i n t e n s i t y  

i s  measured  i n ,  we have t o  t a k e  i n t o  a c c o u n t  t h e  s p e c t r a l  

d i s t r i b u t i o n  o f  t h e  1  i g h t  e m i t t e d  b y  t h e  source ,  as  w e l l  as 

t h e  s p e c t r a l  s e n s i t i v i t y  o f  t h e  s e n s o r  ( w i t h  t h i s  p r o v i s o  we 

can  spcak o f  w a t t s  p e r  u n i t  a r e a  a n d  w a t t s  p c r  u n i t  s o l i d  

a n g l e  p e r  u n i t  a r e a  e t c . ) ,  We need n o t  b e  t o o  c o n c e r n e d  w i t h  

t h i s  i f  we e i t h e r  use white p a i n t ,  o r  measure t h e  

r e f l e c t i  i v i t y  f u n c t i o n  w i t h  t h e  same equ ipmen t  l a t e r  used  i n  

t h e  s h a p e - f  rom-shad ing  a l g o r i t h m ,  I t  s h o u l d  be n o t e d  t h a t  

f o r  most  s u r f a c e s  t h e  r e f l e c t i v i t y  f u n c t i o n  i s  n o t  

i ndependen t  o f  t h e  c o l o r  o f  t h e  l i g h t  used.  T y p i c a l  l y  t h e  

s p e c u l a r  component o f  t h e  r e f l e c t e d  1 i g h t ,  b e i n c  r e f l e c t e d  

b e f o r e  i t  has p e n e t r a t e d  f a r  i n t o  t h e  s u r f a c e ,  ~ ~ 1 1 1  be 

unchanged, w h i l e  t h e  m a t t  component w i l  I he c o l o r e d  b y  

p i g m e n t s  i n  t h e  s u r f a c e  c o a t i n g ,  

S e v e r a l  o t h e r  d e f i n i t i o n s  o f  t h e  t * e f l c c t i v i t y  f u n c t i o n  a r e  i n  

use w h i c h a r c  m u l t i p l e s  o f  t h e  one d e f i n e d  h e r e  h y n ,  2, 

c o d e )  a n d / o r c o s W ,  The s p e c i f i c  f o r m u l a t i o n  chosen  h e r e  

makes t h e  e q u a t  i o n  r e l a t  i n g  t h e  i n c i d e n t  1 i g h t  i n t e n s  i t y  t o  

t h e  image i l l u m i n a t  i o n  v e r y  s i m p l e ,  



2 . 1  . 2  FUP4CT IOflS D E R I V E D  FRO!.'! T t ? E  R E F L E C T  I V I T Y  FI::!CT IOPJ : 

The n e x t  few s u b s e c t  i o n s  (2 ,I , 2  ,I, 2.1.2,2 and  2 , I  .2 .3)  a r e  

i n c l u d e d  t~ r e l a t e  t h e  r e f l e c t i v i t y  f u n c t i o ~ s  t o  thoscl  mcrc  

commonly n e n t i o n e d  i n  t b e  l i t e r a t u r e ,  Sornrc! r e a d e r s  may t m n t  

t o  s k i p  t h e s e  s u b s e c t  i o n s .  

2.1 . 2 . I  THE INTEGRATING P H O T O K E T E R :  

A f l a t  sari iple o f  t h e  s u r f a c e  unde r  i n v e s t i g a t i o n  i s  mounted 

i n  t h e  c e n t e r  o f  a h o l l o t v  s p h e r e  c o a t e d  on t h e  i n s i d e  w i t h  a 

h i g h l y  r e f l e c t i v e  m a t t  s u b s t a n c e ,  T h r o u g h  one s m a l l  h o l e '  a 

1  i g h t  r a y  e n t e r s  and imp inges  on t h e  sample  w i t h  i n c i d e n t  

a n g l e  i, A p h o t o s e n s i t i v e  d e v i c e  i s  i n t r o d u c e d  t h r o u g h  

a n o t h e r  s m a l l  h o l e  a n d  measures an I n t m s i t y  p r o p o r t i o n a l  t o  

t h e  1 i g h t  s c a t t e r e d  b y  t h e  sample  i n t o  a1 1 d i  r e c t  i o n s .  

The t o t a l  i n t e n s i t y  measured i s :  



SOUR 

Figure 6: A gonio-photometer (used for  measuring 
r e f l ec t iv i ty  functions).  

Fh SENSOR 

Figure 7 :  An integrating photometer. 



The t o t a l  i n c i d e n t  i n t e n s  i t y  i s  I c o s ( i )  dS, The f r a c t i o n  o f  

1 i g h t  r e f l e c t e d  i s  t h e n :  

T h i s  f u n c t i o n  o f  t h e  i n c i c i m t  a n g l e  i has  been measured f o r  

many p a i n t s  and  p i z m e n t s ,  wh i  lc  t h e  r e f l e c t i v i t y  f u n c t i o n  

i s  known f o r  v e r y  few s u r f a c e s ,  S i n c e  i t  i s  d i f f i c u l t  t o  

r e l a t e  measurements o f  I, t o  r~wasu remen ts  o f  t o t a l  r e f  l c c t e d  

i n t e n s i t y ,  t h e  d e v i c e  i s  u s u a l l y  c a l i b r a t e d  w i t h  t h e  sample  

r e p l a c e d  b y  a s t a n d a r d  o f  known h i g h  r e f l e c t i v i t y  k e g .  Me0 

o r  BaSO, powder  r e f l e c t  more t h a n  9 9 %  o f  t h e  i n c i d e n t  1 i g h t  

i n  t h e  v i s i b l e  s p e c t r u m )  , 
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Figure  8: I l l u s t r a t i o n  showing q u a n t i t i e s  appearing i n  t h e  

i n t e g r a l  f o r  t he  i n t e g r a t i n g  photometer. 

F igure  9: I 1  1  u s t r a t i o n  showing q u a n t i t i e s  appearing i n  t h e  

i n t e g r a l  f o r  t h e  Bond a1 bedo. 



2 . 1 . 2 . 2  P E R F F C T  D I F F U S E R S  - L A ~ ( E E R T ' S  LAU: 

S u t - f a c e s  made o f  f i n c l y  d i v i d e d  powder  u s u a l l y  c l o s e l y  

a p p r o x i m a t e  what bas been c a l  l e d  a Lamhert  i a n  r e f  l e c t o r  o r  

p e r f e c t  d i f f u s e r .  L a n i 5 e r t  i a n  e m i s s i o n  was  f i r s t  d e f i n e d  f o r  

b l a c k - b o d y  r a d i a t i o n  and  i s  s u c h  t h a t  t h e  s u r f a c e  o f  t h e  body  

appea rs  e q u a l l y  b r i g h t  f r o m  a [  I d i r e c t  i o n s ,  I n  t t w  c o n t e x t  

o f  r e f l e c t  i v i t y  f u n c t  i ons  we c a l  1 a s u r f a c e  l a n b c r t  i a n  i f  

= k c o s ( i )  ( t h e  c o d  i )  a c c o u n t s  f o r  t h e  v a r i a t i o n  i n  

i n c i d e n t  r a d i a t i o n ) .  F o r  t h e  h i g h l y  r e f l e c t i v e  s t a n d a r d s  

rnent i o n e d  above, we chose  k such  t h a t  a1 1 t h e  i n c i d e n t  1 i g h t  

i s  r e f l e c t e d .  

I n  a d d i t  i o n  t o  t h e  v a r i o u s  m u l t  i p l  i c a t  i v e  f a c t o r s  shown 

above,  a  n o r m a l  i z e d  r e f l e c t  i v i t y  f u n c t  I o n  I s  a l s o  used, 

whe r e  : 

p b ' ( ~ , e , g )  = + ( i , e ,g )  

P i s  c a l l e d  t h e  n o r m a l  a l b e d o  and  !'(0,0,0) = I .  



A n o t h e r  i n t e g r a l  o f  t he  r e f l c c t l v i t y  f u n c t  i o n  wh i ch  i s  used  

i s  t h e  Bond a l beda ,  d e f i n e d  by a s t r n n o m r s  as t h c  r a t i o  o f  

t o t a l  r e f l e c t e d  l i g h t  f r o m  a s p h e r e  d i v i d e d  b y  t h e  t o t a l  

i n c i d e n t  l i g h t  , 

I f  t h e  i n c i d e n t  i n t e n s i t y  i s  I,, t h e n  t h e  r a t  l o  o f  reflected 

l i g h t  t o  i n c i d e n t  1 i g h t  i s :  

I n  t h i s  s u b s c c t  i o n  a d i s c r i m i n a n t  I s  d e v e l o p e d  which i s  

needed  i n  t h e  p r o g r a m  imp lernent i n g  t h e  s h a p e - f  rom-shad ing  

a l g o r i t h m .  T h i s  s e c t i o n  can  be  s k i p p e d  w i t t i o ~ l t  l o s s  o f  

c o n t i n u i t y ,  



The t h r e e  a n g l e s  i, e and g, b e i n g  t h c  s i d e s  o f  a spherical 

t r i a n g l e ,  have  t o  s a t i s f y  thi? F o l  lowirif i : r e l a t  i G n s h i p s :  

i+ -e  ), g, e+g )/ i and g + i  ), e 

I t  i s  o f t e n  c o n v e n i e n t  t o  e x p r e s s  t h e s e  t h r e e  r e l a t i o n s h i p s  

i n  t e r m s  o f  t h e  c o s i n e s  I, E a n d  G o f  t h e  t h r e e  a n g l e s .  We 

f i r s t  n o t e  t h a t  o n l y  one o f  t h e  r e l a t i o n s h i p s  c o u l d  f a i l  a t  a 

t i m e .  For examp le  i f  i + e  < g : 

The a n g l e s  a r e  a l l  p o s i t i v e  and l e s s  t h a n n .  P~lowassume 

t h a t  t h e  c o n d i t i o n  i + e  < g h o l d s ,  t h e n :  

s i n c e  c o s i n e  i s  m o n o t o n i c  d c c r r a s l n g  f o r  a n g l e s  b e t r ~ e e n  0 a n d  

TT.  Expand ing  we g e t :  

S i n c e  t h e  r i g h t - h a n d  s i d e  i s  p o s i t i v e ,  t h e  l e f t - h a n d  s i d e  

w i l l  b e t o o a n d w e c a n  s q u a r e t h e e x p r e s s i o n .  U s i n g  I ,  E a n d  
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G t o  s t a n d  f o r  t h e  c o s i n e s  o f  i, e and g we g e t :  

ble now have t o  p r o v e  t h e  c o n v e r s e  i , e ,  i f  t h e  a n c l e s  can 

i n d e e d  f o r m  a s p h e r i c a l  t r i a n g l e  t h e n  t h e  d i s c r i m i n a n t  w i  1 1  

be p o s i t i v e .  S i n c e  i < e+g we have  g 8 i - e  and  s i m i l a r l y  

s i n c e  e < i+g  we have  g ), e - I ,  so :  

A p p l y i n g  t h e  c o s i n e  a s  b e f o r e  we g e t :  

From i + e  6 g e t c .  we g e t  t h e  same i n e q u a l i t i e s  w i t h  t h e  s l g n  

r e v e r s e d  on t h e  l e f t - h a n d  s i d e .  We needed  t o  go  t o  t h e  

t r o u b l e  o f  showing  t h a t  these i n e q u a t  i t i e s  h o l d  f o r  a b s o l u t e  

v a l u e s  o f  t h e  l e f t - h a n d  s i de ,  s h c e  i t  n o  l o n g e r  Is 

c o n s t r a i n t  t o  he p o s i t i v e ,  So we have:  



K u l t i p l y i n g  we g e t :  

U s i n g  one o f  t h e  t w o  s i g n s  f o r  t h e  r i g h t - h a n d  s i d e  a n d  

expand ing  we g e t :  

S i n c e  111, I E I  a n d  I G I  I we have  ( I - I E G )  >, 0 a n d  hence:  

2.1 . 4  REFLECT I V  ITY FUNCT I O N  S A N  I! THE I R PEASUREE,!EFJT : 

S u r f a c e s  where t h e  t h r e e  p a r a m e t e r s  i, e a n d  g a r e  n o t  

s u f f i c i e n t  t o  f u l l y  d e t e r m i n e  t h e  r e f l e c t  iv  i t y  a r c  u n s u i t a b l e  

f o r  t h i s  a n a l y s i s  ( o r  a t  l e a s t  reduce t h c  p o s s i b l e  a c c u r a c y ) ,  

Examples a r e  t r a n s l u c e n t  o b j e c t s  and  t h o s e  w i t h  n o n - i s o t r o p i c  

s u r f a c e  p r o p e r t i e s  ( c o g .  t h e  m i n e r a l  commonly c a l l e d  t i g e r -  
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eye,  h a i r ,  t h i n  w a x ) .  Perhaps t h e  most i m p o r t a n t  d e t e r w i n a n t  

o f  t h e  r e f l e c t  i v  i t y  f u n c t  i o n  i s  t h e  m i c r o - s t r u c t u r e  o f  t h e  

s u r f a c e  W e .  t h a t  s t r u c t u r e  s r n a l l e r  t h a n  t h e  r e s o l u t i o n  o f  

t h e  senso r  used i n  t h e  d e t e r m i n a t i o n  o f  t b e  reflectivity) and 

d i f f e r e n t  r e f l e c t i v i t y  f u n c t i o n s  may a p p l y  a t  d i f f e r e n t  

n l a g n i f i c a t  ions  - ( i n  a d d i t  ion, a t  h i g h  m a g n i f i c a t i o n  o b j e c t s  

become i n c r e a s i n g l y  t r a n s l u c e n t ) ,  I t  i s  b e s t  then  t o  

de te rm ine  t h e  r e f l e c t  i v  i t y  f u n c t  i on  under  c o n d i t  ions s irni Lar  

t o  t h o s e  used i n  t h e  d e t e r m i n a t i o n  o f  t h e  shape o f  t h e  

o b j e c t ,  

One way t o  measure t h e  r e f l e c t i v i t y  f u n c t i o n  i s  t o  employ a 

gonio-photon~eter f i t t e d  w i t h  a s m a l l  f l a t  sampte o f  t h e  

sur face  t o  be i n v e s t  i g a t e d .  The dev i c e  can be s e t  f o r  a n y  

combina t  i o n  o f  i n c i d e n t ,  e m i t t a n c e  and phase a n g l e s ,  

To a v o i d  h a v i n g  t o  move t h e  sou rce  and t h e  senso r  i n t o  a l  1 

p o s s i b l e  p o s i t i o n s  w , r , t ,  a f l a t  sample o f  t h e  s u r f a c e  when 

measur ing  t h e  r e f l e c t i v i t y  f u n c t i o n ,  i t  i s  c o n v e n i e n t  t o  have 

a t e s t - o b j e c t  w h i c h  p r e s e n t s  a l l  p o s s i b l e  v a l u e s  o f  i and e 

f o r  a g i v e n  g. (The c o n s t r a i n t s  a r e  i + e  < g, e+g ( i and 

g + i  ,< e 1. Use o f  such  an o b j e c t  i s  g r e a t l y  s i m p l i f i e d  b y  

u s i n g  a t e l e p h o t o  l e n s  and  a d i s t a n t  source, g i v i n g  a l m o s t  

c o n s t a n t  g, I t  i s  c o n v e n i e n t  t o  t a b u l a t e  t h e  r e f l e c t i v i t y  

v e r s u s  i and e f o r  each o f  a s e r i e s  o f  v a l u e s  o f  g .  A sphere 



i s  p e r h a p s  t h e  e a s i e s t  t e s t - o b j e c t  t o  use i f  one i s  w i l l i n r :  

t o  l i v e  w i t h  t h e  d e c r e z s i n g  a c c u r a c y  i n  d c t c r r ; ~ i n i n g  e as  one 

a p p  r oaches  t h e  e d g e ,  

One c o u l d  a l s o  have an o b j e c t  o f  known shape i n  t h e  same 

scene a s  t h e  o b j e c t  t o  be  a n a l y s e d ,  T h i s  s o l v e s  t h e  p rob l c rn  

o f  hav i n g  t o  know t h e  s o u r c e  l o c a t  I o n  a n d  t h e  t r a n s f e r  

p r o p e r t  i e s  o f  t be image f o r m i n g  s y s t e m  as we 1 1 ,  I n  some 

cases  o b j e c t s  o f  known shape a n d  s u r f a c e  c h a r a c t e r i s t i c s  

d i f f e r i n g  f r o m  t h o s e  o f  t h e  o b j e c t  u n d e r  s t u d y  a r e  u s e f u l  - 
f o r  cxamp lc  s s p h e r e  w i t h  s p e c u l a r  r e f l e c t  i v i t y  can p i n p o i n t  

t h e  l o c a t i o n  o f  t h e  l i g h t - s o u r c e s  (e. .g.  t h e  eyes i n  a f a c e ) ,  

2.1.5 IMTHEEIATICAL MODELS OF SURFACES: 

A number o f  a t t e m p t s  have been made t o  p r e d i c t  r e f l e c t  i v  i t y  

f u n c t  i o n s  on a t h e o r e c t  i c a l  b a s i s  s t a r t  i n g  w i t h   SO^ assumed 

m i c r o - s t  r u c t u r e  o f  t h e  s u r f a c e .  W h i t e  m a t t  s u r f a c e s  a r e  

u s u a l  l y  f i n e l y  d i v i d e d  g r a i n s  o f  t r a n s p a r e n t  m a t e r i a l  ( e . g ,  

snow a n d  c r u s h e d  g l a s s ) ,  Wh i t e  p a i n t  u s u a l  l y  c o n s i s t s  o f  

t r a n s p a r e n t  # p i g m e n t 0  p a r t i c l e s  ( e . g .  o f  SIO,  o r  TiO, ) o f  

h i g h  r e f r a c t i v e  i n d c x  (1.7 t o  2 . g )  a n d  smal l s i t e  ( o p t i m a l l y  

a b o u t  t h e  w a v e l e n g t h  o f  v i s i b l e  l i g h t )  suspended  i n  a 

t r a n s p a r e n t  medium o f  l ow  r e f r a c t  i v e  i ndcx  ( 1 . 3  s a y ) .  I f  one 
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Figure  10: Model o f  su r f ace -s t ruc tu re .  

0 PAQUE REFLECT IVE SUBSTANCE I/ 

Figure 11 : Another model used i n  t he  d e r i v a t i o n  o f  

t h e o r e t i c a l  re f1  e c t i v i  ty  f unc t i ons .  



choses a somewhat r e g u l a r  a r r angemen t  o f  suspended p a r t  i c  Lcs 

o f  u n i f o r m  s i w  and  makes sorw v e r y  r e s t r i c t  i v ~  assumpt ions,  

one can  d e r i v e  c? r e f l e c t  i v i t y  f u n c t i o n  and  s t u d y  i t s  

dependence on v a r i o u s  p a r a m e t e r s  d e s c r i b i n g  t h e  model o f  t h e  

s u r f a c e .  

A n o t h e r  t y p e  o f  s u r f a c e  i s  t h a t  o f  a h i g h l y  r c f l e c t i v c ?  

m a t e r i a l  ( s u c h  a s  a m e t a l )  where t h e  I i g b t  r a y s  d o  n o t  

p e n e t r a t e  i n t o  t h e  m a t e r i a l .  Choos ing  a p a r t i c u l a r  t y p e  o f  

s u r f a c e  depression a n d  a s t a t i s t i c a l  distribution o f  t h e  s i z e  

o f  these ,  one can  a g a i n  d e r i v e  a r e f l e c t i v i t y  f u n c t i o n ,  O n l y  

a f e w  such m o d e l s  have  been s t u d i e d  and l i t t l e  hope e x i s t s  

f o r  model  1 i n g  r e a l  s u r f a c e s  t i e l  t enough and  s t i  I 1  d e r i v i n g  a 

c l o s e d  e x p r e s s i o n  f o r  t h e  r e f l e c t  i v  i t y  f u n c t i o n ,  

2 . 2  C A L C U L A T I O N  OF I M A G E  1LLUI;IINAT IOtJ : 

The e q u a t i o n s  d e r i v e d  i n  t h i s  s e c t i o n  a r e  o n l y  I n c l u d e d  f o r  

r e f e r e n c e ,  s i n c e  t h e  p r o g r a m  t o  be d e s c r i b e d  l a t e r  a v o i d s  

t h e i r  use b y  means o f  a no rma l  i z a t  i o n  o f  t h e  image i n t e n s i t y ,  

These e q u a t i o n s  do have t h e i r  impo r t ance  however  i n  

j u s t l f y i n g  t h e  c h o i c e  o f  d e f i n i t i o n  f o r  t h e  r e f l e c t i v i t y  

f u n c t i o n  a n d  i n  d e s i g n i n g  o p t  i c a l  sys tems used i n  

e x p e r i m e n t a t  i o n  w i t h  t h e  shape - f  rom-shad i n g  method,  



Figure 12: Diagram o f  o p t i c a l  system and q u a n t i t i e s  needed 

i n  the  calculation o f  image ill umination. 

L e t  d be t h e  d i a m e t e r  o f  t h e  p u p i  1 o f  t h e  image f o r m i n g  

dev ice ,  f, i t s  f o c a l  l e n g t h  and M t h e  image m a g n i f i c a t  Ion 

( t h e  r a t i o  o f  t h e  l e n g t h  o f  a l i n e  i n  t h e  image t o  t h e  

c o r r e s p o n d i n g  pa ra1  l e l  1 i n e  on t h e  o b j e c t ) ,  

L e t  a p o r t i o n  o f  t h e  o b j e c t  s u r f a c e  o f  a rea  dA, bc i n c l i n e d  

a t  a n g l e  c t o  t h e  1 i n e  f r o m  i t  t o  t h e  image- fo rming  d e v i c e .  

I t s  image w i l l  have an a r e a  o f  dAi = d ~ , M ~ / c o s ( e ) .  

L e t  t h e  i n c i d e n t  i n t e n s i t y  a t  t h e  o b j e c t  p a t c h  be I, p e r  u n i t  

a r e a  p e r p e n d i c u l a r  t o  t h e  i n c i d e n t  ray ,  Then t h e  emergent 

i n t e n s i t y  p e r  u n i t  s o l i d  a n g l e  vA11 be I, = I, e ,  The 

1 i g h t  c a p t u r e d  b y  t h e  image f o r m i n g  dev i c e  i s  I, dl\ dw/cos(e )  

where dw i s  t h e  s o l i d  a n g l e  fo rmed b y  t h e  cone o f  a n g l e  a,  



We would l i k e  t o  c x p r ? s s  t h i s  i n  t e rms  o f  1.i a n d  t h e  s o - c a l l e d  

f - n u ~ h e r  f,: 

The f -number  u s u a l l y  i n d i c a t e d  on t h e  l e n s - b a r r e l  i s  ( f o / d )  

The  i n t e n s i t y  p e r  u n i t  a r e a  i n  t h e  image i s :  
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I t  beco res  appa ren t  why wc chose t o  d e f i n e  t h e  r e f l e c t i v i t y  

f u n c t i o n  t h e  way we d i d  and a l s o  why one m i g h t  want f a c t o r s  

o f  a n d / o r  2 i n  t h e  d e f i n i t i o n ,  I t  s h o u l d  be n o t e d  t h a t  i n  

p r a c t i c e  one does n o t  u s u a l l y  employ t h i s  e q u a t i o n ,  b u t  

r a t h e r  n o r m a l i z e s  t h e  e x p r e s s i o n s  used. 

2,3 THE WAGE ILLUf?,INATIOfJ EQUATIOtJ :  

T h i s  s e c t i o n  c o n t a i n s  t h e  d e r i v a t i o n  o f  t h e  image 

i l l un i ' i na t  i o n  e q u a t i o n  and t h e  a n a l y t i c a l  f o r m u l a t i o n  o f  t h e  

shape- f  rom-shad i n g  p  rob lern. 

2 , 3 , 1  P R E V I E W  OF t i O H  TO OCTAIN THE PARTIAL DIFFERENTIAL 

E Q U A T I O N  : 

A t  a known p o i n t  on t h e  o b j e c t  we can c a t c u l a t c !  g, We wou ld  

1 i k e  t o  f i n d  t h e  g r a d i e n t  ( o r  a t  l e a s t  I t s  con~ponent  i n  one 

d i r e c t  i o n )  a t  t h i s  p o i n t  s o  a s  t o  be a b l e  t o  c o n t i n u e  t h e  

s o l u t i o n  t o  a n e i g h b o r i n g  p o i n t ,  t4easurement o f  t h e  t  i g h t  
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F igure  13: D e t a i l s  o f  t h e  geometry o f  image i l l u m i n a t i o n  

and p r o j e c t i o n  i n  t he  imaging system. 
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r e f l e c t e d  t e l l s  us some th i ng  about  i a n d  e ,  S i n c e  o n l y  one 

measurcmont i s  i n v o l v e d ,  we cannot g e n e r a l l y  hope t o  

d e t e r n i n e  b o t h  i and e l o c a l l y ,  b u t  o n l y  a r e l a t i o n  be tween  

t h e  two ,  T h e r e  a r e  e x c e p t i o n a l  p o i n t s  where the n o r m a l  i s  

l o c a l l y  f u l l y  d e t e r m i n e d  and t h i s  i s  u s e f u l  i n  f i n d i n g  

i n i t i a l  c o n d i t i o n s  a s  e x p l a i n e d  l a t e r ,  T h i s  s i t u a t i o n  i s  

c o n t r a r y  t o  t h a t  o b t a i n i n g  i n  t h e  use  o f  t e x t u r e  , $ r a d i e n t s  

(see s e c t i o n  2 , 1 6 1  where t h e  g r a d i e n t  I s  known l o c a l l y  

( e x c e p t  f o r  a two-way a m b i g u i t y ) .  I n  o b t a i n i n g  a s o l u t i o n  

f r o m  t h e  shading, m l y  a g l o b a l  a p p r o a c h  w i l l  work, 

Co l  l a p s e  t h e  t w o  p r i n c  i p a  1 p I a n e s  o f  t h e  image-form in^ s y s t e m  

t o g e t h e r ,  f o r m i n g  t h e  x-y  p l a n e .  L e t  t h e  z - a x i s  c o i n c i d e  

w i t h  t h e  o p t i c a l  a x i s  and e x t e n d  t o w a r d  t h e  o b j e c t .  L e t  f be 

t h e  e x i t  p u p i l  t o  image p l a n e  d i s t a n c e  and assume t h a t  t h e  

image and o b j e c t  space r e f r a c t i v e  i n d e x e s  a r e  e q u a l ,  

L e t  t be t h e  r a t i o  o f  image i l l u m i n a t i o n  t o  o b j e c t  l um inance  

( can  be f o u n d  f r o m  l a w s  o f  o p t i c s  - see s e c t  I o n  2 , 2 ) ,  L e t  

a(x ,y , t )  be t h e  i n c i d e n t  1 l g h t  i n t e n s  i t y  ( u s u a l  1  y c o n s t a n t  o r  

obeys  some i n v e r s e  s q u a r e  l a d ,  L e t  A ( x , y , d  = t * a ( x , y , r )  

0 # 
L e t  L =  (x,y,z) be a p o i n t  on t h e  o b j e c t  a n d  N r O =  ( x  , y  , f )  

t h e  c o r r e s p o n d i n g  p o i n t  i n  t h e  image. 



b ( x ' , y ' )  i s  t h e  i n t e n s i t y  m a s u r e d  a t  t h e  i m a m  p o i n t  

L e t  I = c o s ( i ) ,  E = c o s ( c )  snd  G = c o s ( g )  , 

L e t  p and  q b e  t h e  p a r t i a l  d e r i v a t i v e s  o f  t w,r,t, x and  y .  

We would t i k c  t o  show t h a t  t h i s  e q u a t i o n  i n v o l v e s  x ,  y, t ,  p 

and q o n l y ,  

2.3,2 NOTAT IOP! FOR V E C T O R  G I F F E R E N T I A T I O N :  

I f  A i.s a v e c t o r  ( 3 - t u p l e ) ,  t h e n  A = 141 i s  t h e  n a c n i t u d c  o f  
n J  

A. A l s o  l e t x  A be t h e c o r r c s p o n d i n r :  u n i t  v e c t o r .  
N hr N 

C o n s i d e r  t h e  d o t - p r o d u c t  A . B  a s  m a t r i x  m u l t i p l i c a t i o n  o f  t h e  
rr yu 

I b y  3  m a t r i x  A b y  t h e  3 by 1 v a t r i r ,  E~ ( t h e  t r a n s p o s e  o f  B). 
N 

C o n s i d e r  p a r t i a l  d i f f c r c n t i a t  ion  w , r , t ,  a v e c t o r  as  t h e  3 -  

t u p l e  whosc conponents  a r e  found b y  d i f f e r e n t i a t h g  t r , r , t ,  

each  component i n  t u r n ,  Then f o r  e x a m p l e :  



A t  t i n e s  vie s i l l  a l s o  need t h e  p a r t i a l  d e r i v a t i v e s  o f  v e c t o r s  

v i a  r . t ,  v c c t o r s ,  These  a r e  d e f i n c d  a s  3 b y  3 m a t r i c e s  ( t h e  

f i r s t  row b e i n g  t h e  r e s u l t  o f  d i f f e r e n t - i a t  i n g  w , r , t ,  t h e  

f i r s t  component and so on), t h e n  f o r  e x a r p t e :  

4 V J ~  1 1  a l s o  use p a r t  i a l  d c r i v a t  lves o f  d o t - p r o d u c t s  o f  u n i t  

v e c t o r s  w e r a t .  v e c t o r s ,  For  examp le :  

A 
X = A,P, 

Ar U 
andrue  want X, 

h, 

h 

To a v o i d  f i n d i n g ?  we w r i t e  A X = A . B  and then :  
- 2  N u 

E x t e n d i n g  t h e  d e f i n i t i o n  o f  d o t - p r o d u c t  i n  t h e  a p p r o p r i a t e  

way wc f i n d :  



2.3.3 THE E Q U A T I O N  I S  A F I R S T - O R D E R  N O N - L I I J F A R  P,D,E. :  

I f  t h e  r e f l e c t  i v  i t y  f u n c t i o n  i s  I , ,  t h e  normal  i z e d  

I n c i d e n t  1 i g h t  i n t e n s i t y  a t  t h e  p o i n t  N r = (x8y0i!) i s  I ! ( ; )  a n d  
0 0 

t h e  i n t e n s i t y  a t  t h e  c o r r e s p o n d i n g  image p o i n t  r' = ( x  ,y , f )  
4 4  

i s  b ( r O ) ,  t h e n :  
N 

T h i s  image I l l u m i n a t i o n  e q u a t i o n  i s  t h e  main e q u a t i o n  s t u d i e d  

h e r e .  When f i n d i n g  a s o l u t i o n  we a s s u r e  A ( r )  N and  +(I,F,G) 

a r e  known and h ( r O )  i s  o b t a i n e d  f r om  t h e  image. Wc want t o  
N 

show t h a t  t h e  equat  i o n  i s  a f i r s t - o r d e r  n o n - I  i n e a r  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n  i n  t w o  independent  v a r i a b l e s ,  i , e .  an 

equat  i o n  o f  t h e  fo rm:  

where p = zX a n d q  = tY a r e  t h e  p a r t i a l  d e r i v a t i v e s  o f  r 

w . r . t .  x and  y  r e s p e c t i v e l y ,  F r m  t h e  s i m p l e  p r o j e c t i o n  

geornct r y  we have:  
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bihere F i s  t h e  e x i t  p u p i l  t o  image p l a n e  d i s t a n c e ,  \de t o o k  

c a r e  o f  image r e v e r s a l  b y  o r i e n t i n g  t h e  x *  and  y ' a x e s  

a p p r o p r i a t e l y .  I t  remains t o  show t h a t  I, E and G a r e  

f u n c t i o n s  o f  x, y, t, p  and  q. An i n w a r d  nornmal t o  t h e  

s u r f a c e  a t  t h e  p o i n t  i s  n  = ( -P ,  -q, 1 ) .  
ry 

L e t  t h e  1 i g h t - s o u r c e  be a t  r's = ( xs , ys , zs ) .  Then t h e  

i n c i d e n t  r a y  w i l l  be ~l = ! : - h r l ,  and t h e  emergent 

r a y  -Le = - C l e a r l y  t h e n :  
N 

n b A A A R 

I = n . L i ,  E = n.  r, and  G = _r; ,_re 
rr - h 

A r 
\the r e  t he s d e n o t e  u n i t  v e c t o r s ,  A l l  t h e  t e r n s  t h u s  

i n v o l v e  o n l y  x, y, t, p and q. I t  f o l l o w s  t h a t  we a r e  d e a l i n g  

w i t h  a f i r s t - o r d e r  non-1 i n e a r  p a r t  i a l  d i f f e r e n t  i a l  e q u a t i o n  

i n  t h e  two unknowns x and  y .  

2 . 3 . 4  SOME DERIVATIVES N E E D E D  IN THE SOLUTION: 

When s o h  i n g  t h e  P.D.E. b y  t h c  method o f  c h a r a c t e r l s t i c s  we 

w i  l l need t h e  f o l  l o w i n g  p a r t  i a  1 d e r i v a t i v e s  (see  s e c t  i o n  

2 . 5 1 ,  which  i t  i s  c o n v e n i e n t  t o  i n t r o d u c e  here,  f o l l o w l n g  t h e  

expans ion  o f  I, E a n d  G i n  te rms o f  d o t - p r o d u c t s .  U s i n g  t h e  

r e s u l t s  deve loped  i n  s u b s e c t i o n  2 . 3 . 2  we g e t :  



2,3.5 THE EQUIVALENT SET OF ORDI141ARY DIFFEREF!T I A L  

E QUAT IOPIS : 

The u s u a l  me thod  o f  d e a l  i n g  w i t h  a f i r s t - o r d e r  non-  t i n e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  i s  t o  s o l v e  an e q u i v a l e n t  s e t  

o f  f h e  o r d i n a r y  d i f f e r e n t  i a l  equat  i o n s :  

0 0 4 

x = F p ,  Y = Fq,  t = p F p  + qFg 
0 

p = -F, - pF, and  q = -F, - qF, 

The d o t  d e n o t e s  d i f f e r e n t  i a t  i o n  w.  r a t .  s, a  pa ran ie te  r w h i c h  

v a r i e s  w i t h  d i s t a n c e  a l o n g  a c h a r a c t e r i s t i c  s t r i p ,  The 

s u b s c r i p t s  deno te  p a r t  i a l  d e r i v a t  i v e s ,  These  e q u a t i o n s  a r e  

s o l v e d  a l o n g  s o - c a l l e d  c h a r a c t e r i s t i c  s t r i p s  ( s e e  151, page 

2 4 ) .  T h e  c h a r a c t e r i s t i c  s t r i p  a r e  t h e  c h a r a c t e r i s t i c  c u r v c s  



d e s c r i b e d  e a r l i e r  ( v a l u e s  o f  x, y a n d  21 p l u s  t h e  v a l u e s  o f  p 

a n d  q on them, 

S t n c e  we can m u l t i p l y  t h e  e q u a t i o n  F = 0 b y  any  n c n - t e r o  

smooth f u n c t i o n  X ( x ,  y ,  E, p, q )  w i t h o u t  a l t e r i n g  t h e  

s o l u t i o n  s u r f a c e ,  we can o b t a i n  a d i f f e r e n t  s e t  o f  e q u a t i o n s :  

The s o l u t i o n  t o  t h i s  new s e t  o f  e q i ~ a t i o n s  w i l l  d i f f e r  o n l y  i n  

t h e  v a l u e s  o f  t h e  p a r a m e t e r  s a t  a n y  g i v e n  p o i n t ,  F o r  

example  i f  we l e t  

t he p a r a m e t e r  s g i v e s  us a r c - l e n g t h  a l o n g  t h e  

c h a r a c t e r i s t i c s ,  T h i s  i s  used I n  t h e  p rograms t o  be 

d e s c r i b e d  l a t e r ,  O f  c o u r s e  we can  o n l y  do t h i s  i f  t h e  

d e n o m i n a t o r  i s  n o t  zero;  a t  s i n g u l a r  p o i n t s  and a m b i g u i t y  

edges i t w i l l  b e r e r o  ( I . e . F p  = F q  = O  a n d b o o ) .  A 

d i f f e r e n t  c h o i c e  f o r  w i  1 1  hc u s e d  l a t e r  i n  t h e  d i s c u s s i o n  

o f  t h e  s c a n n i n g  e l e c t r o n  m i c r o s c o p e  ( s e c t i o n  3.11, 



2.3.6 OUTLINE OF PROOF OF EQUIVALFt4C.E O F  THE SET OF 

O,D.E.'S T O  THE PoDdE.: 

In  t h i s  subsect  ion t h e  cqu iva lencc l !  of t h e  f i v e  o r d l n a r y  

d i f f e r e n t i a l  e q u a t i o n s  t o  t h e  image i 1 l u m i n a t  i o n  e q u a t i o n  i s  

d i s c u s s e d .  The r e a d e r  who b e l i e v e s  t h e  e q u i v a l e n c r !  h o l d s  may 

we1 1 s k i p  t h i s  subsec t  i o n !  

A t  a g i v e n  p o i n t  (x,,  yo ,  t , )  t h e  eoua t  i o n  F ( x ,  y, t, P, q )  = 

0 r e p r e s e n t s  a r e l i l t i o n  between p and q, T h a t  Is, i t  c o n f i n e s  

t h e  p o s s i b l e  s o l u t i o n  no rma l s  a t  t h i s  p o i n t  t o  a one-  

paramete  r f am i  1 y o f  d i  r e c t  i ons  C51 : 

I n c r e m e n t s  i n  t h e  f e a s  i h l e  t a n g e n t  p l a n e s  t h u s  s a t i s f y :  

d 2  = PJM) dx + q e M  dy 

D i f f e r e n t  l a t  i n g  w ,  r o t ,  o< we g e t :  

0 = p,' (w) dx + q:(W dy 

(Dashes a r e  d e r i v a t i v e s  w. r , t ,  i n  t h i s  subsec t  i o n ) ,  6 u t  

b y  d i f f e r e n t i a t i n g  t h e  e q u a t i o n  F ( x ,  y ,  t, p, q )  = 0 w. r . t .  M 

we a l s o  g e t :  



M a t  we n e e d  now a r e  s t m i t a i -  e q u a t i ~ n s  f o r  f e a s i b l e  

i n c r e r x n t s  i n  t, p a n d q ,  F i r s t  we have: 

i n  t h e  s o l u t i o n  s u r f a c e  ( t h i s  s u r f a c e  i s  s e l e c t e d  f r o m  a l l  

p o s s i b l e  ones b y  choos i n g  one p a s s i n g  t h r o u g h  a g i v e n  i n i  t i a l  

c u r v e  - see l a t e r ,  s u b s e c t i o n  2 , 3 , 7 ) ,  I- lencc: 

F i n a l l y  d i f f e r e n t i a t i n g  F(x, y, r ,  p ,  q )  = 0 w , r , t ,  x a n d  y: 

axz - 5 

a* t 
b u t  P, = 9, 

b x b y  b y b x  



I n t r o d u c i n g  t h e  p a r a m e t e r  s we g e t  t h e  f i v e  O . D . E . ' s  

m e n t i o n e d  e l  r k k  have shown t h a t  a s o t u t i o n  t o  t h e  

P.D.E. must a l s o  s a t i s f y  t h e s e s  f i v e  O.D.E.'s. I t  i s  a b i t  

more d i f f i c u l t  t o  show t h a t  a s o l u t i o n  t o  t h e s e  O . D . E . ' s  i s  

n e c e s s a r i l y  a s o l u t i o n  o f  t b e  P.D.E, ( s e e  151, page 2 8 1 ,  

B a s i c a l ! ~  i t  needs t o  be  shown t h a t  t h e  e q u a t i o n s  f o r  p and q 

p roduce  r e s u l t s  w h i c h  c c n t  i n u e  t o  be  c o n s i s t e n t  ( i . e .  e q u a l  

t o  t h e  p a r t i a l  d e r i v a t i v e s  of t w , r , t ,  x and y ) ,  

2 , 3  .7 IN IT I A L  COEIDITIONS P I E E D E D :  

To s e l e c t  a p a r t i c u l a r  s o l u t i o n  s u r f a c e  amongst a l l  p o s s i b l e  

s o l u t i o n  s u r f a c e s  one needs t o  s p e c i f y  an i n i t i a l  c u r v e  

t h r o u g h  w h i c h  t h e  s o l u t i o n  s u r f a c e  must p a s s :  

x = x W ,  y  = y ( t )  and E = t ( t )  

Along t h i s  c u r v e  we must  s a t i s f y :  
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Here  t h e  dash r e p r e s e n t s  d i f f e r e n t  i a t i c n  \v . r . t .  t ,  T h i s  p a i r  

o f  n o n - l i n e a r  e q u a t i o n s  a l l o w s  one t o  f i n d  p ( t )  and q ( t )  

a l o n g  t h e  i n i t i a l  c u r v e  ( t h e r e  may be more than  one s o l u t i o n ,  

i n  wh ich  case t h e r e  w i l l  be more t h a n  one s o l u t i o n  s u r f a c e ) ,  

The c h a r a c t e r i s t i c  s t r i p s  s p r o u t  From t h i s  i n i t i a l  c u r v e  and 

t h e  s o l u t i o n  s u r f a c e  can be d e s c r i b e d  p a r a m e t r i c a l l y :  

x = x ( s , t ) ,  y=y (s , t ) ,  t = t ( s , t )  and 

p = p ( s , t ) ,  q  = q ( s , t )  

2.4 .SIMPLIFYING C O N D I T  I O N S  A N D  L'N I F O R M  ILLUP?IIMTI CN : 

S ince  t h e  g e n e r a l  e q u a t i o n s  a r e  f a i  r t y  complex i t  i s  o f  E r e a t  

i n t e r e s t  t o  f i n d  s i m p l i f y i n g  c o n d i t i o n s ,  Some o f  t k s e  a r e  

p r e s e n t e d  here, o t h e r s  w i l l  be found d e s c r i b e d  i n  c h a p t e r  3 ,  

I ,  D I S T A N T  SOURCE: ( C o l l i m a t e d  source  o r  t h e  o b j e c t  subtends 

a smal 1 a n g l e  a t  t h e  s o u r c e )  



CHA RACT 

I A L  I 

ERISTIC- / 
1 

Figure 14: Characteristic s t r i p s  sprouting from an 

i n i t i a l  curve. 

Figure 15: I1 lus t ra t ion showing quanti t ies appearing in the 

integral for  the case of uniform illumination 

(Simi 1 a r  to Figure 8 ) .  
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A+-; = 0 and f o r  a t r u l y  d i s t a n t  sou rce :  
.cI 

Rep lace_ r i  by k r i  h and l e t  k + w  t h e n :  

1, r* = 0 , I .L. ,, unchanged 

E = 0 , E ,  unchanged 5 k 

I n  a d d i t i o n  c h o o s i n g  t h e  z - a x i s  a l o n g  removes f u r t h e r  

terms . 

2 .  D ISTANT CAMERA: ( T e l e p h o t o  l e n s  o r  t h e  o b j e c t  sub tends  a 

s m a l l  a n g l e  a t  t h e  camera) 

Replace _re by  k:e and l e t  k+oo t h e n :  

I, and I , unchanged 
U CI 

E ,  = 0 , E unchanged 
C N 

I n  a d d i t i o n  choos ing t h e  z - a x i s  a l o n g  t-e removes f u r t h e r  

t e rms .  
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3 .  DISTAEIT S O U R C E  AND DISTAPJT C A K E R A :  

Most p r a c t i c a l  s i t u a t i o n s  a r e  an approximat  i o n  o f  t h i s  *I 

case. 

4. SOURCE AT THC: CAMERA:  

I, = E, unchanged 
U - 

I = E, unchanged k CI 

5. D I S T A N T  SOURCE A T  D I S T A N T  CAMERA:  

I, = E, unchanged, G,= 0 
U N W 

Choosing t he  o b j e c t  t o  be on t h e  z - a x i s  removes f u r t h e r  

t e r m s .  T h i s  i s  t h e  s imp les t  p o s s i b l e  c a s e .  



Page 5 3  

6. UNIFORM I L L U I ~ I N A T  I G?! : 

L'n i f o r m  i 1 1  u n i n a t  i o n  ( o r  an approx h a t  i o n  t h e r e o f )  i s  

f a i r l y  conmon and m i g h t  a t  f i  r s t  s i g h t  appear  n o t  t o  f i t  

i n t o  o u r  f ramework,  T h i s  subsec t  i o n  shows t h e  

e q u i v a l e n c e  o f  u n i f o r m  i l l m i n a t  i on  t o  one w k r c  a p o i n t -  

sou rce  i s  a t  t h e  camera and  a  d i f f e r e n t  r e f l e c t i v i t y  

f u n c t  i o n  o b t a i n s ,  

T h e  i n t e g r a l s  h e r e  a r e  ana logous  t o  t h e  ones o b t a i n e d  f o r  

t h e  i n t e g r a t  i n g  pho tome te r  e x c e p t  t h a t  we have c o n s t a n t  

e r n i t t a n c e  a n g l e  r a t h e r  t h a n  c o n s t a n t  I n c i d e n t  a n g l e ,  I f  

t h e  i n c i d e n t  1 i g h t  i n t e n s i t y  i s  I, p e r  u n i t  a r e a  o r i e n t e d  

i n  any d i r e c t  ton, t h e n  i t  i s  e a s y  t o  show t h a t  I, /v f a 1  1s 

p e r  u n i t  s o l i d  a n g l e  p e r  u n i t  a r e a  p e r p e n d i c u l a r  t o  i t ,  

The e m i t t e d  l i g h t  p e r  u n l t  s o l i d  a n g l e  p e r  u n i t  a r e a  

p e r p e n d i c u l a r  t o  t h e  e m i t t e d  r a y  i s  t h u s :  

T h i s  i s  t h e  same s i t u a t  i o n  a s  i f  we had a source  a t  t h e  

camera and a r e f l e c t i v i t y  f u n c t  i on  such t h a t :  
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( E x c e p t  t h a t  f o r  u n i f o r m  i l l u r n i n a t  ion a c e r t a i n  amount o f  

sel f - s h a d o w i n g  can o c c u r  f o r  non-convex o b j e c t s )  

2 . 5  THE F I V E  O.D.E.'S F O R  T H E  I M A G E  ILLUE':II\JAT ICtI EQUATION:  
II 

We know A ( r )  and +(I,E,G), and  o b t a i n  b ( r * )  f r o m  t h e  image. 
(v N 

Ke need F,, F,,, Fz,  F, and Fq.  S i n c e  = ( x , y ,  t) a n d  

n  = (-p,-q, 1 )  we can g e t  a l l  o f  t h e s e  d e r i v a t i v e s  f r o m  F p  
N N 

and F,. 
m 

L e t  

No te  t h a t  a a n d  a, a r e  3 b y  3 m a t r i c e s ,  t h e  rows o f  w h i c h  vie "r - 
computed i n  a p r e v i o u s  s u b s e c t  i o n  ( 2 . 3 . 4 ) .  



N o t e  t h a t  t h i s  i s  t h e  p r o d u c t  o f  two 3 by 3 m a t r i c e s ,  

S i rn i  l a  r t y  : 

The c a l c u l a t i o n  o f  b r ( r ' )  f r o m  b +,(r ' )  w i l l  be d e s c r i b e d  in  
N 

N 
w 

w 

s e c t i o n  2.7 . 



2,6 CAbIERk P R O J E C T I O N  EQUAT IG idS :  

The p r o j e c t  i o n  e q u a t i o n s  d e r i v e d  h e r e  a r e  used i n  s e c t i o n  

So f a r  we have assumed t h e  camera t o  be a t  t h e  o r i ~ i n  

o r i e n t e d  w i t h  i t s  o p t  i c a l  ax i s  d i r e c t e d  a l o n z  t h e  z - a x i s  a n d  

- t he  i nagc -p lane  x' and y' axes p a r a l l e l  t o  t h e  x and y a x e s .  

Moving t h e  camera f r o m  t h e  o r i g i n  i n t r o d u c e s  o n l y  a  m i n o r  

change i n  t h e  e q u a t i o n s ,  I f  however t h e  zamera i s  o r l c n t e d  

i n  a  d i f f e r e n t  way, some o f  t h e  e q u a t i o n s  becone more 

compl i c a t e d .  

Let R b e  t h e  o r t h o n o r m a l  3 by 3 m a t r i x  w h i c h  t a k e s  t h e  z - a x i s  

i n t o  t h e  o p t i c a l  a x i s  and t h e  x  and  y  axes  i n t o  t h e  x '  and y' 

axes,  Then: 

where 2 = ( 0 , 0 , 1 )  i s  t h e  u n i t  v e c t o r  a l o n g  t h e  z-axls i n  the  
C 

image coordinate sys tem.  _ r' I s  t h e  v e c t o r  f r o m  t h e  e x i t -  

p u p i l  t o  t h e  image p o i n t  i n  t h e  same c o o r d i n a t e  system. 

I f  t w o  images a r e  t a k e n  w i t h  t h e  camera o r i e n t e d  d i f f e r e n t l y ,  

t h e  a r e a  r e c o r d e d  i n  b o t h  images w i l l  be  s p a t i a l  ly d i s t o r t e d  
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W r  l t t e n  o u t  i n  f u l  1 we have: 

b,t a n d  by,  a r e  measured d i r e c t l y  f r o m  t h e  image. 

S i n c e  t h e  i n t e n s i t i e s  measured f r o m  t h e  image do n o t  l o c a l l y  

d e t e r m i n e  t h e  norma l ,  one m i g h t  we1 1 a s k  what, r o u g h l y ,  such 

m a s u r e m z n t s  do d e t e r m i n e ,  The components o f  t h e  g r a d i e n t  o f  

t h e  i n t e n s i t y  a r e  r e l a t e d  t o  t h e  second d e r i v a t i v e s  o f  t h e  

d i s t a n c e  t o  t h e  s u r f a c e ,  w h i l e  t h e  i n t e n s k y  i t s e l f  i s  

r e l a t e d  t o  t h e  magn i t ude  o f  t h e  f i r s t  d e r i v a t i v e s ,  T h i s  

r e l a t i o n s h i p  becomes e x a c t  f o r  t h e  case  o f  a  d i s t a n t  s o u r c e  

a t  a d i s t a n t  camera ( s e c t i o n  2.5,  case  5 ;  see a l s o  3.1 2). 

I t  s h o u l d  be  n o t e d  t h a t  t b e  e q u a t  I on  f o r  F, ( s e c t i o n  2 . 5 )  
& 



a l s o  i n v o l v e s  A,, U s u a l l y  A i s  f a i r l y  c o n s t a n t  o v e r  t h e  a r e a  
Ev 

o f  t h e  o b j e c t  r e c o r d e d  i n  t h e  image, o r  a t  l e a s t  s a t i s f i e s  a 

s  imp le  i n v e r s e - s q u a r e  equa t  i o n ,  

L 2 4 I f  A = ( r t / r i )  , t h e n  A, = -Z(rl/ri)t-; . 
CY 

Where L; i s  t h e  i n c i d e n t  v e c t o r ,  a n d  rC i s  t h e  l e n g t h  o f  t h e  

i n c i d e n t  v e c t o r  t o  t h e  s i n g u l a r  p o i n t ,  

2 . 6  O B T A I N I N G  I N I T I A L  CONDIT IONS: 

I t  w o u l d  be a g r e a t  d i s a d v a n t a g e  i f  one a l w a y s  r e q u i r e d  an 

i n i t  fa1 c u r v e  t o  s t a r t  t h e  s o l u t i o n  f rom.  F o r t u n a t e l y  i t  i s  

u s u a l l y  p o s s i b l e  t o  c a l c u l a t e  some i n i t i a l  c u r v e  i f  one makes 

some a s s u m p t i o n s  a b o u t  t h e  s u r f a c e  a n d  uses  t h e  s p e c i a l  

p o i n t s  where t h e  r e f l e c t  i v  i t y  un i q u e l y  d e t e r m i n e s  t h e  l o c a l  

n o r m a l  - t h e s e  p o i n t s  w i l l  be c a l l e d  s i n g u l a r  p o i n t s ,  

2 . 8 . 1  USE OF THE S I N G U L A R  P O I N T S :  

T h e  s i n g u l a r  p o i n t s  a r e  t h e  b r i g h t e s t  o r  t h e  d a r k e s t  p o i n t s  

( d e p e n d i n g  on t h e  r e f l e c t i v i t y  f u n c t i o n ) ,  A t  a l l  o t h e r  

p o i n t s  t h e  n o r m a l  c a n n o t  be l o c a l l y  d e t e r m i n e d .  The s i n g u l a r  
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I 

p o i n t s  a r e  p o i n t s  c o r r e s p o n d i n g  t o  v a l u e s  o f  i and e f o r  

wh ich  t h e  r e f l e c t  i v i t y  i s  a u n i q u c  g l o b a l  maximum o r  winir ;wv, 

These may be e i t h e r  ex t r cma  i n  t h e  c a l c u t u s  sense o r  a t  t h e  

l i m i t i n g  v a l u e s  o f  t h e  a n g l e s ,  

T h i s  method canno t  be used i f  t h e  s u r f a c e  does n o t  c o n t a i n  a 

s u r f a c e  e lement  o r i e n t e d  i n  t h i s  s p e c i a l  d i r e c t i o n ,  The 

p o i n t s  a r e  f o u n d  b y  l o o k i n g  f o r  t h e  b r i g h t e s t  ( o r  d a r k e s t )  

p o i n t s  i n  t h e  image, 

A l l  we s t i l l  need t o  know t h e n  i s  t h e  d i s t a n c e  o f  t h i s  p o i n t  

f r o m  t h e  camera, b u t  s i n c e  one i s  u s u a l l y  o n l y  i n t e r e s t e d  i n  

r e l a t  l v e  d i s t a n c e s  t h i s  i s  n o t  a s e r i o u s  r e s t r i c t i o n ,  

U n f o r t u n a t e l y  i t w i l l  be found t h a t  t h e  s o l u t i o n  w i l l  n o t  

. 0  move f r o m  t h e s e  s i n g u l a r  p o i n t s ,  L e a  i 0  = y  = O  . T h i s  i s  

an i n d i c a t i o n  t h a t  t h e  a l g o r i t h m  necds t o  be i n f o r m e d  about  

w h i c h  way t h e  s u r f a c e  i s  c u r v e d  (convex  o r  concave ) ,  To make 

t h i s  more c o n c r e t e  assume we have a d i s t a n t  sou rce  and can 

t h u s  c a l c u l a t e  G a t  each image p o i n t ,  
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2 . 5 . 2  THE SOLUTION D I L L  NOT KOVE FROE.1 A SIFIGULAR P O I N T :  

C o n s i d e r  t h e  v a r i a t i o n  o f  w i t h  E f i r s t :  

I. I f  t h e  extremum o c c u r s  f o r  O < E < l  t h e n  4, = 0. 

h h 

2 .  I f  t h e  extremum occu rs  f o r  E = I t h e n  _n = 1, a n d  hence 

A A 
3 .  If t h e  extremum o c c u r s  f o r  E = 0  t h e n  r y e  = 0 a n d  

E n  5 = ( l / n ) f c .  T h a t  is,  xp+yp-2.0 and E p  = ( I / n r ) x  and 

E g  = ( l / n r ) y .  

In case 1 and 2 we have b E  E p  and  jE E q  = 0. 

N o w  c o n s i d e r  t h e  v a r i a t i o n  o f  w i t h  I: 

I. I f  t h e  extremum o c c u r s  f o r  O < I < l  t hen  f x  = 0. 

A A 

2 .  I f  t h e  ext remum o c c u r s  f o r  I = 1  t h e n  n = 
N 

1; and hence 
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A A 

3 .  I f  t he  extremum occurs f o r  I = 0 t h e n  n.r i= 0 and 
N *, 

I,,= ( I / n ) L  
N #-Jb 

T h a t  i s  (x -xJp 4 ( y - y J q  - ( t - t , )  = 0 and 

I ,  = ( I /n r ; ) (x -x , )  and I S  = ( l / n r i  M y - y o ) .  

I n  case I and 2 we have j,  I, and l q  = 0. 

Now ;( = F, and ; = Fq and ; = pF,+qF,. 

So i n  a1 1 combinat i o n s  o f  cases 1 and 2 f o r  € and cases 1 and 

2 f o r  I wc f i n d  = ; = 0 and hence  a l s o  ; = 0, t h e r e f o r e :  

T h a t  Is, t he  p r o j e c t  ion o f  the  s o l u t i o n  p o i n t  I n t o  t h e  image 

i s  n o t  moving a s  t h e  parameter s i s  changed. 
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I n  t h e  casc  E = 0 we f i n d  t h a t  even  though x  and y may be 

0 
0 

non-zero,  x and  y' = 0. 

'# 

A L L  t h a t  remains i s  t h e  c a s e  I = 0. Here t o o  ;(' = y = 0, 

when t h e  sou rce  i s  a t  t h e  camera o r  i f  E i s  undetern i ined,  Me 

have f o u n d  no p a i n t s  w i t h  an extremum f o r  I = 0  w k r e  F: was 

d e t e r m i n e d  ( i  . e ,  t h e  g l o b a l  extremum was no t  u n i q u e ) ,  

2.6.3 GETTING THE I N I T I A L  CURVE FROM A S I P I G U L A R  P O I N T :  

I f  t h e  s u r f a c e  i s  convcrx ( o r  concave )  a t  t h e  s i n g u l a r  p o i n t  

and we have a guess a t  t h e  r a d i u s  o f  c u r v a t u r e  ( f r o m  t h e  

o v e r a l l  s i t e  o f  t h e  o b j e c t  f o r  example)  we can g e t  a round  t h e  

p r o b l e m  o f  s i n g u l a r  p o i n t s  b y  c o n s t r u c t i n g  s m a l l  s p h e r i c a l  

caps on them. D i f f i c u l t  les wi  1 1  b e  e n c o u n t e r e d  i f  t h i s  p o i n t  

happens t o  be a s a d d l e  p o i n t  (The p resence  o f  a  s a d d l e  p o i n t  

however u s u a \  l y  i n d i c a t e s  t h a t  o t h e r  s i n g u l a r  p o i n t s  e x i s t  

where t h e  s u r f a c e  i s  e i t h e r  convex o r  concave ) ,  

L e t  5 be t h e  v e c t o r  f r o m  t h e  camera t o  t h e  s i n g u l a r  p o i n t  

( found  f r o m  i t s  known image c o o r d i n a t e s  and  i t s  d i s t a n c e  f r o m  

the camera) .  R i s  t h e  e s t  tmatctd r a d i u s  o f  c u r v a t u r e  and p 

t h e  d i s t a n c e  we d e c i d e  t o  s t e p  away f r o m  t b e  s i n c u l a r  p o i n t  

( d e t e r m i n e d  i n  p r a c t  i c e  b y  c o n s i d e r a t  i o n s  o f  u n c e r t a  i n t y  I n  
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CURVE 

Figure  16: Cons t ruc t ion  o f  t h e  i n i t i a l  cu rve  near  a 
s i n g u l a r  p o i n t .  

S l NGULAR 
POINT 

Fiqure  17: I1 1 u s t r a t i o n  p o r t r a y i n g  t h r e e  s o l u t i o n s  ob ta ined  
f o r  varying i n i t i a l  r a d i u s  o f  c u r v a t u r e  - 
showing t h e  small  e f f e c t  which e r r o r s  i n  t h e  
i n i t i a l  c u r v e  have on t h e  s o l u t i o n .  
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t h e  p o s i t i o n  o f  t h e  s i n g u l a r  p o i n t  a n d  t h e  d e s i r e d  d e t a i l  i n  
A 

t h e  s o l u t i o n ) ,  The known n o r m a l  a t  t h e  s i n g u l a r  p o i n t  i s  N . 
iv 0 

h 

He c o n s t r u c t  a s p h e r i c a l  cap w i t h  c e n t e r  S - RN,. 
N yV 

L e t  

P o i n t s  on t h e  i n i t i a l  c i r c l e  a r e  t h e n  g i v e n  by  

We a l s o  need  an i n i t i a l  guess  a t  p and q, so we c o n s t r u c t  E,, 
(an  o u t w a r d  n o r r r a l  : 

The r e q u i r e m e n t  f o r  an i n i t i a l  guess  a t  t h e  r a d i u s  o f  

c u r v a t u r e  i s  n o t  as  r e s t r k t  h e  a s  i t  m i g h t  seem, s i n c e  t h e  

r e q u i r e d  a c c u r a c y  i s  e x t r e m e l y  l ow ,  T h i s  i s  because i s 

u s u a l l y  v e r y  much smal I e r  t h a n  R, a n d  hence a change i n  R 

a f f e c t s  t h e  p o s i t i o n  o f  t h e  i n i t l a l  c u r v e  v e r y  l i t t l e .  Fven 

more i m p o r t a n t l y  t h c  v a l u e s  d e r i v e d  f o r  p a n d  q n e e d  n o t  be 
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a c c u r a t e  s i n c e  t h e y  a r c  o n l y  used  a s  a f i r s t  guess  i n  an  

i t c r a t  i v e  method  o f  f i n d i n g  p  and  q on t b e  i n i t i a l  c u r v e  

b e f o r e  s t a r t  ing  t h e  s o l  u t  i o n ,  

2,9 N O N - P O  IkIT SOURCES: 

U n i f o r r n s c u r c e s  have a l r e a d y  been d e a l t  w i t h ,  Perhaps t h e  

e a s i e s t  o t h e r  case  i s  a  c i r c u l a r l y  s y n ~ m e t r l c  s o u r c e  a t  a 

d i s t a n c e  l a r g e  compared t o  t h e  d i rnens Ions  o f  t h e  o b j e c t .  

2,9,1 C I R C U L A R L Y  SYMMETRIC SOURCES: 

D i s t a n t  c i r c u l a r l y  symmet r i c  s o u r c e s  can  be r e p l a c e d  b y  a 

p o i n t  s o u r c e  a f t e r  m o d i f y i n g  t h e  r e f l e c t  i v  i t y  f u n c t i o n ,  One 

m e r e l y  c o n v o l v e s  t h e  r e f l e c t  i v  i t y  f u n c t  Ion w i t h  t h e  s p r e a d  

f u n c t i o n  o f  t h e  s o u r c e  ( a  b i t  o f  s p h e r i c a l  t r i g o n o r r e t r y  I s  

i n v o l v e d  h e r e ) ,  S t r i c t l y  s p e a k i n g  onc s h o u l d  p e r f o r m  t h e  

same o p e r a t i o n  w i t h  t h e  e n t r a n c e  p u p i l  o f  t h e  camera s i n c e  i t  

t o o  sub tends  a f i n i t e  a n g k  a t  t h e  o b j e c t  a n d  a c c e p t s  a 

b u n d l e  o f  l i g h t - r a y s .  S i n c e  # i s  s n o o t b  ( e x c e p t  a t  I = 0 and  

I = 1 )  i t  w i l l  be changed  v e r y  l i t t l e  e x c e p t  a t  t h e s e  p o l n t s ,  

The main  change w i  1 1  be t h a t  6 does no t  t e n d  t o  0 as  I t e n d s  

to 0, b u t  r a t h e r  f o r  some n e g a t  i v e  v a l ~ ~ e  o f  I. A l s o  t h e  



s p e c u l a r  component w i  1 1  be more snea red  out. 

OBJECT 

Figure 18: I1 lustration o f  circularly symmetric source and 

quantities used in the convolution. 

Let t h e  sou rce  i n t e n s i t y  be H a )  p e r  u n l t  s o l i d  a n g l e  a t  t b e  

ang le  a f r o m  i t s  c e n t e r  when v i e w e d  f r o m  t h e  o b j e c t .  Then 

t h e  new r e f l e c t  i v i t y  f u n c t i o n  h 4 ( 1 J , ~ )  i s :  

Where a, i s  t h e  t o t a l  a n g u l a r  d i a m t e r  o f  t h e  source .  



2 . 9 , 2  K U L T I P L E  SOURCES: 

Nhen t h e  s o u r c e  d i s t r i b u t i o n  i s  n o t  e a s i l y  t r e a t e d  as above 

one can i n t r o d u c e  a d i f f e r e n t  A f o r  each  sou rce  a n d  r e p l a c e  

t h e  main e q u a t i o n  by: 

D i f f i c u l t i e s  i n  f i n d i n g  i n i t  l a1  c o n d i t i o n s  w i l  1 be 

e n c o u n t e r e d  w i t h  m u l t i p l e  sources  u n l e s s  t h e y  a r e  o f  s p e c i a l  

k i n d s  (e.g. a p o i n t  sou rce  and a u n i f o r m  s o u r c e ) ,  

2 . 1  0 T Y P E S  OF EDGES: 

Severa l  k i n d s  o f  e d ~ e s  appear  i n  an !mag-a - each  w i t h  i t s  own 

p r o p e r t  i e s  and  p r o b l e m  f o r  o u r  a l l o r  i thm:  



I. Over lap  - ( o c c l u s i o n  o f  one o b j e c t  by  a n o t h e r )  

d i s c o n t  i n u l t y  i n  t. The p r o s r a n  must d e t e c t  t h i s  o r  i t  

w i l l  e r r o n e o u s l y  c o n t i n u e  a s o l u t i o n  a c r o s s  such an edge. 

2 .  J o i n t s  - ( a n g u l a r  edges on an o b j e c t )  d i s c o n t  i n u l t  i e s  I n  

t h e  d e r i v a t  i v e s  o f  z ,  One cannot  c o n t  inuc p  and q a c r o s s  

such  an edge. It i s  p o s s i b l e  however t o  use t b e  p o s i t i o n  

o f  t h e  edge as a new i n i t i a l  c u r v e .  T h i s  and t h e  p r e v i o u s  

c o n d i t i o n  can be d e t e c t e d  as  a s t e p  i n  t h e  i n t e n s i t y  

d i s t r i b u t i o n  o r  f r o m  a h i g h l i g h t  on t h e  e d g e .  

3 .  V iew edges - s p e c i a l  case o f  1 .  , where n o  j o i n t  appears,  

i ,e ,  t h e  s u r f a c e  i s  smooth and E t ends  t o  0 a s  we approach 

i t ,  T h i s  i s  e a s i l y  d e t e c t e d  b y  t h e  p r o g r m  d u r i n g  t h e  

c a l c u l a t i o n  o f  t h e  s o l u t i o n .  

4 .  Shadow edges - h e r e  I tends  t o  0 a s  we approach  t h e  edge 

and  a g a i n  t h e  p rog ram can e a s i l y  d e t e c t  t h i s ,  

5 .  Othe r  edge o f  shadow - i f  t h e  shadow was b r i d g e d  t h i s  edge 

may se rve  as a new i n i t  i a l  c u r v e .  

6. A m b i g u i t y  edges - some a r e  l i n e s  o f  a g g r e g a t i o n  o f  

s l n g u l a r  p o i n t s  (on wh ich  + 1.  The c h a r a c t e r  i s t  i c s  

w i l l  n o t  c r o s s  an a m b i g u i t y  edge ( s e e  sec t  Ion 3 . 1  . 3 ) ,  



2 .  1 1 SHADOtJS AND S E L  F - I  L L U I W - I A T  ION : 

I f  t h e  s i n g l e  s o u r c c  i s  n o t  a t  t h e  c a c c r a ,  shadows w i  l 1 

a p p r a  r. S o l u t  i o n s  can  be c a r r i e d  a c r o s s  shadows s i n c e  t h e  

p o s i t  i o n  o f  t h c  s o u r c e  i s  known a n d  one c a n  c o n s t r u c t  a r a y  

t h r o u g h  t h e  L a s t  i l l u m i n a t e d  p o i n t  and t r a c e  i t  u n t i l  i t  

meets  a n o t h e r  l l l u m i n a t c d  r e g i o n .  On1 y t h e  c o o r d i n a t e s  a n d  

n o t  t h e  l o c a l  g r a d i e n t  o f  t h i s  new p o i n t  w i l l  be known. I t  

i s  n e c e s s a r y  t o  c a r r y  t h i s  o p c r a t  i o n  o u t  f o r  a I  1 

c h a r a c t e r i s t i c s  e n t e r i n g  t h e  shadow, p r o d u c i n g  s new i n i t i a l  

c u r v e  a t  t h e  o t h e r  edge o f  t h c  shadow where we can r e s t a r t  

t h e  s o l u t i o n .  I n  p r a c t i c e  c a r e  has t o  be  t a k e n  because o f  

n o i  syness  o f  t h e  s o l  u t  i o n .  

S e l f - i l l u r n i n a t i o n  i s  a d i f f i c u l t  p r o b l e m  t o  dea l  w i t h  u n l e s s  

t h e  o b j e c t  i s  convex  o r  i t s  a l b e d o  i s  l o w  ( l e s s  t h a n  0 . 4 1 ,  

An e s t i m a t e  o f  t h e  e f f e c t  o f  s e l f 4  I I u m i n a t i o n  can  be 

o b t a i n e d  f r o m  a cons  i d e r a t  i o n  o f  t w o  s e m i - i n f i n i  t c  m a t t  

p l a n e s  j o i n e d  a t  r i g h t  a n g l e s .  These a r e  i 1 l u m i n a t e d  f r o m  a 

v e r y  g r e a t  d i s t a n c e  and  such  t h a t  t h e  i n c i d e n t  r a y s  make an 

a n g l e  a t v i t h o n c  o f  t h e  p l a n e s .  L e t  t h e  r e f l e c t i v i t y o f  t h e  

s u r f a c e  obey l a m b e r t s  taw a n d  t h e  f r a c t i o n  o f  t h e  i n c i d e n t  

1 i g h t  r e f l e c t e d  be k .  C o n t r a s t  between t w o  i n t e n s i t i e s  I, a n d  

Iz i s  u s u a l l y  d e f i n e d  t o  b e :  



Page 7 1 

. SOURCE 

Figure 19: Br idg ing  a  shadow. 

Figure 20: Two se rn i - i n f i n i t e  planes jo ined a t  r i g h t  angles. 

Used i n  the  study o f  se l f - i l l u rn ina t i on .  



I f  wc i g n o r e  1 i g h t  r e f l e c t e d  more t h a n  once, we f i n d  t h e  

c o n t r a s t  between t h e  t w o  p l a n e s  t o  be :  

Nh i  l e  i f  t h e  s e l f - i  1 l u n i i n a t  i o n  i s  t a k e n  i n t o  a c c o u n t  we g e t :  

C o n t r a s t  i s  t h u s  r e d u c e d  by  a f a c t o r  o f  ( 2  - k ) / ( 2  + k )  

T h i s  f a c t o r  v a r i e s  f r o m  1 / 3  t o  1 as  k v a r i e s  f r o m  1 t o  0 ,  

N o t e :  t h e  r e s t  o f  c h a p t e r  2 c o n t a i n s  some m i s c e l l a n e o u s  

i t e m s  t h a t  d i d  n o t  f i t  i n  e l s e w h e r e .  

2 . 1 2  THE I N V E R S E  PROBLEb! - GENERAT ING HALF-TONE I M A G E S :  

The i n v e r s e  p r o b l e m  o f  p roduc in l :  images o f  a spec i f  i e d  scene 

w i t h  s h a d i n g  a n d  shadows i s  v a s t l y  d i f f c ? r e n t  f r o m  t h e  me thod  

o f  shape - f r om-shad ing ,  Most  p rog rams  w r i t t e n  f o r  t h i s  

p u r p o s e  can  be used  f o r  objects bounded by  p l a n e s  on l y .  The 

ma in  i s s u e s  o f  o p t i m i z a t i o n  o f  t h e  c a l c u l a t i o n  o f  wh i ch  
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s u r f a c e s  a r e  v i s i b l e  t o  t h e  source  and camera r e s p e c t i v e l y  

have been d e a l t  w i t h  i n  sone d e t a i l  i n  r e c e n t  work 181, 

A l t h o u g h  t h e  t w o  p rob lems  a r e  i n v e r s e s  o f  one ano tbe r ,  t h e  

ne thods  i lsed a r e  q u i t e  d i f f e r e n t .  

An i n t e r e s t i n g  p r o b l e m  o f  a m a t h e m a t i c a l  n a t u r e  ( a n d  

i n c i d e n t a l l y  w i t h  a p p l  i c a t  i o n  t o  c u t t i n g  wood-cu ts )  i s  t h a t  

o f  p r o d u c i n g  c u r v e d  l i n e s  i n  a p l a n e  such  t h a t  t h e  d e n s i t y  o f  

l i n e s  i s  p r o p o r t i o n a l  t o  t h e  shad ing  I n  t h e  image o f  sone 

r e a l  o r  imagi'ned o b j e c t .  P r e f e r r a b l y  one w o u l d  l i k e  as s m a l l  

a number o f  'unneccesary '  b reaks  i n  t h e  1 i n e s  as p o s s i b l e ,  

i . e ,  t h e  l i n e s  s h o u l d  e i t h e r  c l o s e  on themse lves  o r  l eave  t h e  

image. Ano the r  r e s t r i c t i o n  one m i g h t  a p p l y  i s  t h a t  t h e  l i n e s  

s h o u l d  n o t  c r o s s  (When p r o d u c i n g  wood-cuts one wou ld  most 

I i k e l y  a l s o  r e f l e c t  some o f  t h e  s u r f a c e  t e x t u r e  i n  t b e  c h o i c e  

o f  l i n e s ) ,  

For  a s p e c i a l  case ,  a s o l u t i o n  i s  i m m e d i a t e l y  a t  hand. T h i s  

1s t h e  case where we have a d i s t a n t  camera a t  a  d i s t a n t  

sou rce  ( s e c t i o n  -2.4, case  5 ;  see a l s o  3.1.2) and  a  

r e f l e c t i v i t y  f u n c t i o n  such  t h a t :  



Here t h e  c o n t o u r  1 i nes  g i v e  a s o l u t i o n ,  w i t h  n o  c r o s s  i n g  

1 i nes  and  n o  'unneccesary '  b reaks .  One o f  t h e  most 

a t t r a c t i v e  f e a t u r e  o f  c o n t o u r  paps i s  perhaps  j u s t  t h i s  f a c t  

t h a t  t h e y  p rov id t?  some s h a d i n g  I n f o r r a t  icn .  

2 , I 3  HUVAtI PERFORMAflCE WITH MONOCULAR P I C T U R E S :  

J u g d i n g  by t h e  p o p u l a r i t y  o f  monocu la r  p i c t u r e s  o f  p e o p l e  a n d  

o t h e r  smooth ob jeccs ,  humans a r e  good a t  i n t e r p r e t  i n g  shad ing  

i n f o r m a t  i o n ,  S i n c e  t h e y  use t h e  same b a s i c  i n f o r m a t  i on  as 

o u r  shape- f rom-shading a l g o r i t h m  we expec t  t o  f i n d  s i m i l a r  

sho r t - com ings  (see s e c t  i o n  on f a c i a l  make-up f o r  example) .  

Supposing t h e  human v i s u a l  sys tem does n o t  use t h e  shad ing  

i n f o r m a t  i on  i n  s i m p l e  h e u r i s t i c  ways o n l y ,  one m i g h t  expec t  

t h a t  t h e  p e r c e p t  i o n  sys tem 'so lves '  t h e  equat  i ons  o r  a much 

simp1 i f i e d  f o r m  o f  them, S i n c e  t h i s  cannot  be done l o c a l l y  

( t h e  way some p o r t i o n s  o f  an e d g e - f i n d i n g  p rocess  m i g h t  work) 

I t  i s  d i f f i c u l t  t o  suggest  an e l e g a n t  and s i m p l e  mechanism 

and  a p l a c e  t o  l o o k  f o r  i t .  Presumably  i t  w o u l d  have t o  

i n v o l v e  c o m p u t a t i o n a l  waves t r a v e l l i n g  o u t t t a r d  f r o m  t b e  

s i n g u l a r  p o i n t s ,  



Page 7 5  

2.14 E R R O R S  A N D  I E J C O N S I S T E N C I E S :  

I t  i s  d i f f i c u l t  t o  e s t  imate a n a l y t  icaL ly t h e  e r r o r  i n  t h e  

s o l u t i o n  because t h e  e q u a t i o n s  a r e  s o  n o n - l i n e a r .  b ,  b, and 

A canno t  be measured t o  b e t t e r  t h a n  5 o r  1  Ojb a c c u r a c y  and 

numerous p r a c t i c a l  p r o b l e m s  such as non -un i f o rn -  s e n s i t i v i t y  

o f  t h e  s e n s o r  have t o  be t a k e n  c a r e  o f ,  

Only  a simple e r r o r  a n a l y s i s  can be p r e s e n t e d  he re .  Suppose 

we w i s h  t o  de te rm ine  t h e  e f f e c t  o f  v a r y i n r :  i n c l i n a t i o n s  on 

how a  g i v e n  e r r o r  i n  t h e  i n p u t  da ta  ( i n t e n s i t y  i n  t h e  image) 

r e l a t e s  t o  e r r o r s  i n  t b e  c o o r d i n a t e s  de te rm ined  on t h e  

c h a r a c t e r i s t i c s .  We need t o  de te rm ine  t h e  r a t e  o f  change o f  

p w.r , t .  b. C o n s i d e r  a p a r t i c u l a r l y  s i m p l e  case, t h a t  o f  a 

d i s t a n t  source  a t  a  d i s t a n t  camera ( A s  has been men t i oned  

previously a n d  w i l l  be demons t ra ted  i n  s e c t i o n  3.1, t h e  

e q u a t i o n s  f o r  t h i s  case a r e  p a r t i c u l a r l y  s i m p l e ) ,  Nex t  

assume t h a t  one o f  t h e  g r a d i e n t  components, q say,  I s  0, 

Then 

We need t o  d i f f e r e n t  l a t e  p w.  r.t, t h e  r a t  To 1 = b/A, 
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Fo r  b o t h  I--, 0 and  I -+ 1 ,  t h e  e r r o r  i n  p becomes v e r y  l a r g e  

f o r  a g t v e n  e r r o r  i n  1 ( s i n c e  I n  t h e  f i r s t  case c / - ' ( l )  - + O  

and i n  t h e  s e c o n d c a s e  1  T h i s  i s  n o t  v e r y  

s u r p r i s i n g  s i n c e  i n  t h e  f i r s t  case we a r e  l o o k i n g  

p e r p e n d i c u l a r l y  down on t h e  s u r f a c e  and  I w i  1 1  v a r y  v e r y  

s l o w l y  w i t h  p, w h i l e  i n  t h e  second case we have n e a r  

t a n g e n t i a l  i n c i d e n c e  and s m a l l  changes i n  t h e  a n g l e  o f  

i n c i d e n c e  (and hence a l s o  I )  w i l l  c o r r e s p o n d  t o  l a r g e  changes 

i n  p .  

We n o t e  t h a t  i n  t h i s  r a t h e r  s p e c i a l  case, t b e  e r r o r  

c o n t r i b u t i o n  t o  t h e  s o l u t i o n  I s  l a r g e  i n  s o m  areas,  whi l c !  

b e i n g  s m a l l  i n  o t h e r s  where t h e  i n c i d e n t  a n g l e  i s  n o t  t o  

c l o s e  t o  0 o r  n/2. The a c t u a l  e r r o r  w i l l  a l s o  depend on 4 0 '  
a n d t h e  e r r o r  i n  measu r i ng  b/A.  I n  a  case  w l t h  l e s s  

r e s t r i c t e d  1 i c h t  i n g  c o n d i t  ions  t h e  r c l a t  i o n s h i p  between t h e  

i n c l i n a t i o n  o f  t h e  s u r f a c e  a n d  t h e  e r r o r - r a t e  MI 1 1  be n o r e  

comp 1 ex.  

We c o n s i d e r e d  t h e  d e r i v a t i v e  o f  p w . r . t .  1, s i n c e  i t  i s  t h e  

i n t e g r a l  o f  t h e  e r r o r  I n  p wh i ch  c o n s t i t u t e s  t h e  e r r o r  i n  z 

f o r  any  one c h a r a c t e r  1 s t  i c ,  



Where e ( s )  i s  t h e  e r r o r  i n  r f o r  a g i v e n  c h a r a c t e r i s t i c  as a  

f u n c t i o n  o f  a r c - d i s t a n c e  f r o m  t h e  s i n g u l a r  p o i n t ,  g p ( s ;  i s  

t h e  e r r o r  i n  p and  c l ( s )  i s  t h e  e r r o r  i n  I. 

I n  t h i s  c o n t e x t  one may a l s o  want t o  d i s c u s s  i n c o n s i s t e n c i e s  

i n  t h e  s o l u t i o n .  I f  e i t h e r  t h e  1 i g h t  i n g  c o n d i t i o n s  o r  t h e  

r e f l e c t i v i t y  f u n c t i o n  a r e  i n c o r r e c t l y  s p e c i f i e d ,  an I n c o r r e c t  

shape w i  1 1  be c a l c u l a t e d .  The shape d e t e r m i n e d  may o r  may 

n o t  v i o l a t e  t h e  requ i rc r : len t  o f  smoothness. I f  t h e  c a l c u l a t e d  

shape i s  n o t  snoo th  i t  can be c o n c l u d e d  t h a t  t h e  s o l u t i o n  ( a t  

l e a s t  in  s o m  r e g i o n )  i s  i n c o r r e c t ,  and  t h a t  t h e  g i v e n  source  

positlon o r  t h e  g i v e n  r e f l e c t i v i t y  f u n c t i o n  a r e  i n c o r r e c t .  

I t  i s  e a s y  t o  g i v e  examples o f  t h e  case where f a l s e  

assumpt ion  w i l l  l e a d  t o  a smooth s o l u t i o n ,  as w e l l  a s  t h o s e  

where we o b t a  In  s o l u t  i ons  w i t h  d i s c o n t  i n u i t  i e s .  

For  simp1 i c i t y  c o n s i d e r  a f l a t ,  i n c l  i n e d  s u r f a c e  (t = x ) .  

The c h a r a c t e r i s t i c s  w i l l  be s t r a i g h t  l i n e s  i n  t h i s  p lane ,  

p a r a l l e l  t o  t h e  x - z  p l a n e .  M o d i f y i n g  t h e  r e f l e c t i v i t y  o f  t h e  

s u r f a c e  t o  be i n c r e a s  i n g I y  d a r k e r  w i t h  i n c r e a s i n g  x, we 

o b t a i n  a new s o l u t i o n  wh ich  c o n t a  i n s  c h a r a c t e r i s t  i c s ,  a c a i n  

p a r a l l e l  t o  t h e  x - r  p lane ,  b u t  c u r v i n g  t g w a r d  l a r g e  t f o r  



l a r g e  x ,  T h i s  s o l u t i o n  i s  smooth and  c o n t a i n s  n o  i n d i c a t i o n  

o f  an e r r o r .  

I f  now we a p p l y  i n s t e a d  a s u r f a c e  c o a t i n g  which i s  no r r ra l  f o r  

p o s i t  i v e  y  and d a r k e r  f o r  n e g a t i v e  y, we o b t a i n  a s o l u t i o n  i n  

w h i c h  t h e  i n c o n s i s t e n c y  i s  a p p a r e n t .  The c h a r a c t e r i s t  i c s  i n  

t h e  s o l u t i o n  f o r  n e g a t i v e  y a r e  more i n c l i n e d  t h a n  those  f o r  

p o s i t i v e  y, a n d  a d i s c o n t i n u i t y  e x i s t s  a t  y = 0, 

Us ing  t h i s  k i n d  o f  approach  one c o u l d  d e t e r m i n e  wh ich  k i n d  o f  

s u r f a c e  m a r k i n g s  a r e  n o t  i ceab  l e  by an o b s e r v e r  ( i  . e .  l e a d  t o  

i n c o n s i s t e n c i e s  i n  t h e  s o l u t  i on )  and  t h o s e  w h i c h  m e r e l y  a t t e r  

t h e  a p p a r e n t  shape. 

ARE L I K E L Y  S O U R C E  D I S T R I B U T  IONS? 

Since  t h e  c o i r g l e x i t y  o f  t h e  a l g o r i t h m  p r e s e n t e d  h e r e  

i n c r e a s e s  w i t h  t h e  complex Tty o f  t h e  1 i g h t - s o u r c e  

d i s t r i b u t i o n  and s i n c e  we o n l y  know how t o  b r f d g e  shadows 

c a s t  by one source, i t  i s  i m p o r t a n t  t o  know wh ich  1 i g h t -  

sou rce  d i s t r i b u t i o n s  o c c u r  i n  p r a c t i c e ,  F i r s t  one n o t e s  t h a t  

t h e  s i t u a t i o n s  f o u n d  d i f f i c u l t  by humans a r e  a l m o s t  c e r t a i n l y  

g o i n g  t o  g i v e  d i f f i c u l t i e s  t o  o u r  a l g o r i t h m .  Fo r  example, 

when two  sources  c a s t  shadows ( such  as on a r o a d  1 i g h t e d  b y  
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w i d e l y  spaced s t  r e e t - l a m p s )  t h e  shape o f  un fam i  1 i a r  o b j e c t s  

becomes d i f f i c u l t  t o  a s c e r t a i n  because o f  t h e  c r o s s e d  

shadows. I f  t h e  i n c i d e n t  i n t e n s i t y  v a r l c s  g r e a t l y  f r o m  one 

image a r e a  t o  a n o t h e r  ( s u c h  as  I n  a 1 i g h t  l y  wooded f o r e s t )  

t h e  t a n g l e  o f  1 i g h t e d  and d a r k  a r e a s  makes p e r c e p t i o n  more 

d i f f i c u l t .  On t h e  o t h e r  h a n d  one w o u l d  expec t  ' n a t u r a l '  

c o n d i t  i ons  t o  be p a r t i c u l a r l y  easy. Tha t  i s ,  one p o i n t  

source  somewhat above t h e  o b s e r v e r  ( t h e  sun)  combined w i t h  a 

v e r y  d i f f u s e  ( a l m o s t  u n i f o r m )  sou rce  ( t h e  s k y ) .  The d i f f u s e  

sou rce  w i l l  n o t  t h r o w  s h a r p  shadows o f  i t s  own, The absence 

o f  e i t h e r  o f  t h e  t w o  s o u r c e s  makes v i s i o n  o n l y  s l i g h t l y  more 

d i f f i c u l t .  

2,15,1 R E L E V A N C E  TO PHOTOGRAPHY A N D  G R A P H I C S  : 

One w o u l d  expec t  p h o t o g r a p h e r s  t o  have someth ing  t o  

c o n t r i b u t e  t o  t h i s  s u b j e c t  a n d  i n t r o d u c t o r y  b o o k l e t s  on 

a r t i f i c i a l  1 i g h t  p h o t o g r a p h y  c o n f i r m  t h e  above c o n c l u s i o n s ,  

The b e g i n n e r  i s  a d v i s e d  t o  use a n u r h e r  o f  l i g h t s  w i t h  

d i f f e r e n t  c h a r a c t e r i s t i c s  as  f o l 1 o t . r ~  (Phrases  o f  i n e x a c t  

meaning w i  1 t be p l a c e d  i n  q u o t e s ) :  

I. The main t i g h t  - The i d e a l  main 1 i g h t  i s  a l a r g e  s p o t  

l i g h t  a p p r o x i m a t i n g  t h e  e f f e c t  o f  t h e  sun, I t  i s  u s u a l l y  
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p l a c c d  45 degrees above and 4 5  degrees t o  t h e  s idc! o f  tl-e 

s u b j e c t .  I t s  pu rpose  i s  t o  c s t a b l i s b  t h e  ' f o rm  o f  t h e  

s u b j e c t '  and  f i x  t h e  r a t i o  o f  1 i g h t e d  t o  dark  a reas .  The 

e x a c t  r a t i o  i s  n o t  i m p o r t a n t  b u t  t b e  p o s i t i o n  o f  t h e  

source  s h o u l d  r e s u l t  i n  good shad ing  (wh i ch  i n c r e a s e s  a s  

t h e  sou rce  i s  moved further f r o m  t h e  camera) w i t h o u t  t o o  

mu.ch shadow a rea  ( i n  wh i ch  d e t a i l  i s  more d i f f i c u l t  t o  

p e r c e i v e ) .  

The f i l l - i n  l i g h t  ( o r  a x i a l  l i g h t )  - I t s  purpose  i s  t o  

1 i g h t e n  s l i g h t l y  t h e  shadows c a s t  b y  t h e  main l i g h t  and 

app rox ima tes  t h e  e f f e c t  o f  t h e  sky.  I t  I s  p l a c e d  n e a r  t h e  

camera t o  p r e v e n t  i t  f r o m  c a s t i n g  i t s  own shadows and t o  

s i m u l a t e  t h e  e f f e c t  o f  u n i f o r m  1 i g h t  i n g  ( s e e  an e a r l i e r  

d i s c u s s i o n  o f  u n i f o r m  illumination, s e c t i o n  2 , 4 , 6 ) .  The 

appearance o f  shadows w i t h i n  shadows i s  c o n s i d e r e d  

e x t r e m e l y  ' ug l y '  a n d  s h o u l d  be  a v o i d e d  s i n c e  i t  makes t h e  

p i c t u r e  more d i f f i c u l t  t o  i n t e r p r e t ,  The r a t i o  o f  f i  1 b i n  

1 i g h t  l n t e n s  i t y  t o  main 1 i g h t  i n t e n s i t y  i s  u s u a l  1 y  chosen 

t o h e  abou t  I t o  3 ,  

I n  a d d i t  i o n  a number o f  s m a l l  sou rces  may be used f o r  e x t r a  

e f f e c t s :  



The a c c e n t  1 i g h t  - I t s  pu rpose  i s  t o  en1  i v e n  t h e  r e n d e r i n g  

by  a d d i n g  h i g h l i g h t s  a n d  ' s p e r k l e ' ,  I t  s h o u l d  be a  s m a l l  

c o l l  i v a t e d  s o u r c e  w h i c h  can b e  d i r e c t e d  t o  I 1  l u m i n a t e  

s m a l l  s e c t  i o n s  o f  t h e  s u b j e c t ,  I t  i s  p l a c e d  b e h i n d  and t o  

t h e  s i d e  o f  t h e  s u b j e c t  s o  t h a t  i t  c a n n o t  c a s t  shadows o f  

i t s  own . T h i s  1 i g h t  can add c a t c h 1  i g h t s  ( s p e c u l a r  

r e f l e c t  i o n s  s u c h  a s  on eyes  o r  m e t a l  o b j e c t s )  and b r i g h t  

o u t  1  i n e s  ( p a r t i c u l a r l y  on h a i  r ) .  

4 .  T h e  backg round  1 i g h t  - I t s  pu rpose  i s  t o  ' s e p a r a t e '  t h e  

s u b j e c t  f r o m  t h e  backg round .  I t  i 1  l u m i n a t e s  t h e  

b a c k g r o u n d  o n l y ,  such  t h a t  t h e  i n t e n s i t y  r e f l e c t e d  b y  t h e  

s u b j e c t  w i l l  nowhere  match  t h a t  o f  t h e  backg round .  T h i s  

e n s u r e s  t h a t  t h e  t w o  can be eas i l y  ' s epa ra ted '  - i . e .  t h e  

edge between t hem w i l l  be  v i s i b l e ,  

O t h e r  h i n t s  a r e  t h a t  t o o  many l i g h t s  s p o i l  t h e  e f f e c t ,  h a v i n g  

t h e  m a i n - l i g h t  a t  t h e  camera c r e a t e s  a ' f l a t '  image, shadows 

c r o s s i n g  edges on t h e  s u b j e c t  a r e  t o  b e  a v o i d e d  a n d  t h a t  

l i g h t  p a r t s  o f  t h e  image draw t h e  a t t e n t i o n  o f  t h e  v i e w e r .  

I t  i s  i n t e r e s t i n g  t o  n o t e  how much o f  what  i s  v a g u e l y  

f o r m u l a t e d  i n  t h e s e  i n t  r o d u c t  i o n s  t o  p h o t o g r a p h y  can be 

u n d e r s t o o d  f r o m  t h e  p o i n t  o f  v i e w  o f  s h a d i n g .  



2 , I  6 D E T E R M I N I N G  SHAPE FRO/$ '  TEXTURE GRADIEFITS: 

A p r o b l e m  r e l a t e d  t o  t h a t  o f  d e t e r m i n i n g  shape u s i n g  s h a d i n g  

i s  t h a t  o f  d c t e r m i n  l n g  shape frorr; t h e  dep th -cue  o f  t e x t u r e  

g r a d i e n t s .  A t e x t u r e d  s u r f a c e  w i l l  p r o d u c e  an image i n  

w h i c h  t h e  t e x t u r e  i s  d i s t o r t e d  i n  a way r e f l e c t i n g  b o t h  t h e  

d i r e c t i o n  a n d  and  t h e  amount o f  t h e  i n c l i n a t i o n  o f  t h e  

s u r f a c e .  An image o f  a t i l t e d  s u r f a c e  w i t h  a random d c t -  

p a t t e r n  f o r  examp le  w i l l  be  compressed  i n  one d i r e c t i o n  ( t h e  

a v e r a g e  d i s t a n c e  between d o t s  i s  dec reased )  by  an amount 

p r o p o r t  i o n a l  t o  t h e  i n c t  i n a t  i o n  o f  t h e  s u r f a c e ,  B o t h  

d i r e c t  i o n  and  magn i t ude  o f  t h e  g r a d i e n t  can  t h u s  be 

d e t e r m i n e d  - e x c e p t  f o r  a  tvro-way amb igu  l t y .  

I n  p r a c t i c e  i t  may n o t  a l w a y s  be easy  t o  d e t e r m i n e  s u c h  

t e x t u r e  g r a d i e n t s  r e l i a b l y  because o f  l o w  r e s o l u t i o n  o f  t b e  

imag ing  d e v i c e  a n d  s c a t t e r ,  c a u s i n g  a r e d u c t i o n  i n  c o n t r a s t .  

Some s i n p l e  t e x t u r e s  may be h a n d l e d  b y  s i m p l e  c o u n t i n g  o r  

d i s t a n c e  measurements as  s u g g e s t e d  above, w h i  l e  more 

compl  i c a t e d  t e x t u r e s  ( c . g *  a p l a s t e r e d  w a l l )  w i  1 1  need  more 

soph i s t  i c a t e d  t e c h n  iques,  such a s  two-d imens i o n a l  c o r r e  t a t  i o n  

( b e s t  o b t a i n e d  us  i n g  t h e  f a s t - f o u r i e r - t  r a n s f o r m )  , S omc 

e x p e r i m e n t a t  i o n  w i t h  t h i s  t e c h n i q u e  showed p rom ise ,  b u t  d i d  

no t  s u p p l y  v e r y  r e l i a b l e  g r a d i e n t s  and t h e  me thod  was s low.  
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The n e x t  p r o b l e m  i s  how t o  o b t a i n  t h e  shape f r c m  t h e  t e x t u r e  

g r a d i e n t s ,  S t a r t i n g  a t  sorz p o i n t  (whose d i s t a n c e  f r o m  t h e  

camera we a s s u r e  k n o w n ) ,  we use somc e x t e r n a t  know ledge  t o  

r e s o l v e  t h e  two-way a m b i g u i t y ,  We can now t a k e  a s m a l l  s t e p  

i n  any  d i r e c t  i o n  and  f i n d  t h e  e r a d i e n t  a t  t h i s  new p o i n t .  

C o n t i n u i n g  i n  t h i s  way we t r a c e  o u t  some c u r v e  cn t h e  s u r f a c e  

o f  t h e  o b j e c t  (somewhat ana lagous  t o  t h e  c h a r a c t e r  ; s t  i c s  i n  

t h e  shape - f r om-shad ing  method, e x c e p t  t h a t  h e r e  t h e  c u r v e  i s  

q u i t e  a r b i t r a r y ) .  

L e t  s be t h e  a r c - d i s t a n c e  a l o n g  t h e  cu r ve ,  t ,  t h e  d i s t a n c e  t o  

t h e  i n i t i a l  p o i n t ,  a n d  p a n d  q t h e  components o f  t h e  

g r a d i e n t ,  t h e n :  

I f  one t a k e s  s m a l l  enough s t e p s ,  one can  c o n t  i n u e  t o  r e s o l v e  

t h e  a m b i g u i t y  a t  e a c h  s t e p  b y  u s i n g  t h e  assumption o f  

sn~oot hnes s  . T h i s  can be done unt i 1 we meet a p o i n t  where 

t h e  g r a d i e n t  I s  z e r o .  T o  c o n t i n u e  p a s t  such  a p o i n t  w o u l d  

r e q u i r e  some e x t e r n a l  knowledge  t o  a g a i n  r e s o l v e  t h e  two-way 

a m b i g u i t y ,  An a g g r e g a t i o n  o f  p o i n t s  w l t h  z e r o  i n c l i n a t i o n  

can  f o r m  an a m b i g u i t y  edge w h i c h  c a n n o t  be c r o s s e d ,  



C l e a r l y  we can  r e a c h  a g i v e n  p o i n t  t h r o u g h  many p a t h s  f r o m  

t h e  i n i t i a l  p o i n t .  T h i s  a l l o w s  us somtr, e r r o r  c h e c k i n g ,  b u t  

t h e r e  c e r t a i n l y  a r e  b e t t e r  ways o f  m z k i n ~ ;  use  o f  t h e  e x c e s s  

i n f o r m s t  i o n ,  F o r  t h a t  i s  what we have, s i n c e  we know f r o m  

t h e  s o l u t i o n  t o  t h e  s h a p e - f r o m - s h a d i n g  t h a t  o n l y  one w l u c  i s  

r e q u i r e d  a t  e a c h  p o i n t  f o r  t h e  d e t e r m i n a t  i o n  o f  t h e  shape, 

w h i l e  we h e r e  have t w o  ( t h e  components  o f  t h e  g r a d i e n t ) ,  

Ros t  commonly \.!hen f a c e d  w i t h  such  an excess  o f  i n f o r m a t  i o n  

on can make use o f  some l e a s t - s q u a r e s  t e c h n i q u e  t o  improve  

t h e  a c c u r a c y ,  Perhaps  a  r e l a x a t i o n  method on a g r i d  w o u l d  b e  

u s e f u l  (The g r i d  n e e d  n o t  be r e c t a n g u l a r ) ,  



3 .  PRACT I C A L  A P P L I C A T I O N :  

3 , 1  THE S C A N N I N G  ELECTRON M I C R O S C O P E :  

T h i s  c h a p t e r  dea l s  w i t h  a few p r a c t i c a l  a p p l i c a t i o n s  i n  wh i ch  

t h e  equa t  ions s imp1 i f y  c o n s i d e r a b l y ,  

3 , l . l  D E S C R I P T I O N  OF THE SCAbINIPJG ELECTROtJ k ! I C R O S C O P E :  

T h i s  d e v i c e  uses an e l e c t r o n  beam wh ich  i s  focused and 

d e f l e c t e d  much l i k e  t h e  beam o f  a c a t h o d e  r a y  t u b e a n d  

imp inges  on a spec h e n  i n  an evacua ted  chamber 1 1  1 I ,  The 

n a r r o w  r a y  p e n e t r a t e s  i n t o  t h e  specimen f o r  some d i s t a n c e ,  

c r e a t i n g  secondary  e l e c t r o n s  a l o n g  i t s  p a t h  (a  smal t number 

o f  e l e c t r o n s  a r e  r e f l e c t e d  a t  t h e  s u r f a c c ) ,  The dep th  o f  

p e n e t r a t i o n ,  t h e  s p r e a d  and  t hc number o f  secondary  e i e c t  rons 

a r e  a1  1 f u n c t i o n s  o f  t h e  m a t e r i a l  o f  t h a t  p o r t  i o n  o f  t h e  

specimen, The number o f  secondary  e l e c t r o n s  wh ich  reach  t h e  

vacuum t h r o u g h  t h e  s u r f a c e  w i l l  depend s t r o n g l y  on t h e  

i n c l i n a t i o n  o f  t h e  s u r f a c e  w.r , t .  thc! beam, b e i n g  l e a s t  when 

i t  I s  p e r p e n d i c u l a r ,  

These r e l a t  h e l y  s l o w  secondary  e l e c t r o n s  a r e  t h e n  a t t r a c t e d  

by a p o s i t i v e l y  cha rged  g r i d  a n d  imp inge  on a phospo r - coa ted  
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Figure 21 : Sketch of a scanning electron microscope. 
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Figure 22:  Detail of electron beam impinging on specimen. 
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p h o t o m u l t  i p l  i c r ,  I n  t h i s  way a c u r r e n t  i s  g e n e r a t e d  

p r o p o r t i o n a l  t o  t h e  number o f  secondary  e l e c t r o n s  e s c a p i n g  

t h e  specimen. T h e r e  a r e  o t h e r  modes o f  o p e r a t i o n  w h i c h  do 

n o t  however i n t e r e s t  us h e r e ,  The o u t p u t  i s  used t o  modu la te  

t h e  i n t e n s i t y  o f  t h e  beam i n  a c a t h o d e  r a y  t u b e  w h i l e  b o t h  

beams a r e  scanned s y n c h r o n o t ~ s l y  i n  a  T,Vs I i k e  r a s t e r ,  The 

image c r e a t e d  e x h i b i t s  shad ing  and i s  remarkab l y  e a s y  t o  

I n t e r p r e t  t o p g r a p h i c a l  l y ,  T h i s  i s  q u i t e  u n l  i k e  t h e  norma l  

use o f  o p t  i c a  t o r  t ransmiss  ion e l e c t r o n  mic roscopes  which 

p o r t  r a y  d e n s i t y  and  t h i c k n e s s ,  

The m a g n i f i c a t i o n  i s  e a s i l y  i n c r e a s e d  b y  d e c r e a s i n g  t h e  

d e f l e c t  i o n  i n  t h e  m ic roscope ,  The r e s o l u t i o n  i s  p o o r  

compared t o  t h e  t r a n s m i s s i o n  e l e c t r o n  m ic roscope  because o f  

t h e  s p r e a d  o f  t h e  beam a s  i t  e n t e r s  t h e  specimen, b u t  t h e  

d e p t h  o f  f i e l d  i s  much b e t t e r  t h a n  t h a t  o f  an o p t i c a l  

m ic roscope  because o f  t h e  v e r y  n a r r o w  beam ( e x t r e m e l y  h i g h  f -  

number).  The h i g h e r  f i e l d  g r a d i e n t  on edges causes these  t o  

be o u t 1  i n c d  more b r i g h t l y ,  T h i s  a r t  l f a c t ,  whi  l e  appea l  l n g  t o  

peop le ,  may be a p r o b l e m  i n  t h e  imp lementa t  i o n  o f  a computer  

a l g o r i t h m  f o r  f i n d i n g  t h e  shape. 

O f t e n  t h e  f i n a l  a n a l y s i s  does n o t  i n v o l v e  e x a c t  d e t e r m i n a t  i o n  

o f  t h e  shape o r  t w o  s te reo - images  can be  used, b u t  t h e r e  

p r o p a b l y  a r e  a l s o  i m p o r t a n t  cases  where t h e  shape must be  



de te rm ined  and  t h e  s t e r e o s c o p i c  method i s  n o t  a p p l i c z b l e ,  

T h i s  may be because a t  t h e  magni f i c a t  ion  used t h e  s p e c i m n  

appears  smooth w i t h o u t  s i z n i f i c a n t  s u r f a c e  d e t a i l  o r  because 

i t  i s  d i f f i c u l t  t o  l i n e  up t h e  second image. S ince  t h e  

e q u a t i o n s  f o r  t h i s  case t u r n  o u t  t o  be so s i m p l e  i t  s h o u l d  be 

r e w a r d i n g  t o  t i e  a scann ing  e l e c t r o n  m ic roscope  d i r e c t l y  i n t o  

a s m a l l  computer ,  

3 , 1 , 2  EQUATIONS FOR THE SCANNING E L E C T R O N  M I C R O S C O P E :  

A l i t t l e  t h o u g h t  shows t h a t  t h i s  i s  ana logous  t o  t h e  case 

where t h e  source  i s  a t  t h e  camera ( o r  e q u i v a l e n t l y  we have 

un i f o r n  i 1 l u m i n a t  i o n ) ;  f o r  one t h i n g ,  no shadows appear .  

N e x t  we n o t e  t h a t  a t  a l l  b u t  t h e  l owes t  m a g n i f i c a t i o n s  t h e  

p r o j e c t  i o n  i s  n e a r - o r t h a g o n a l  , Because o f  t h e s e  two  e f f e c t s  

t h e  f i v e  o.D.E.'s simp1 i f y  c o n s i d e r a b l y :  

;( = F ) ,  y = F g ,  ; = pFp + qFg 

b = -F, - pF, a n d  6 = - F y  - q F z  

Now F, = A  +,I, and F, = -b, 
Y CI ry 
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A 
I = - n d n  Cr = I / n  (where  N n =( -p , -q , l ) )  

I, = ( l / n 3 ) p  and I q  = ( l / n 3 ) q  

I f  +, # 0 everywhere ,  we can change t o  a new measure s a l o n g  

t h e  c h a r a c t e r i s t i c  by m u l t i p l y i n g  ai I e q u a t i o n s  by  

h = n 3 / ( ~  4,) and we g e t :  

T h i s  e x t r e m e l y  s i m p l e  case  t h u s  h a s  c h a r a c t e r i s t  i c s  w h i c h  a r e  

c u r v e s  o f  s t e e p e s t  d e s c e n t  ( o r . a s c e n t ) .  A l s o  n o t e  t h a t  t h e  

e q u a t i o n  f o r  z docs n o t  c o u p l e  back i n t o  t h e  s y s t e r n o f  

e q u a t  ions (due t o  t h e  o r t  hogona 1 p r o j e c t  i o n  t h u s  i n c r e a s i n g  

a c c u r a c y .  The  e q u a t i o n s  happen t o  be  v e r y  s i m i l a r  t o  t h e  

e i k o n e l  e q u a t  Ions  f o r  t h e  p a t h s  o f  1 i g h t - r a y s  i n  r e f r a c t  i v e  

med ia .  I t  m y  be p o s s i b l e  t o  f i n d  ready-made s o l u t i o n s  t o  

some s p e c i a l  c a s e s  b y  u s i n g  t h i s  a n a l o g y ,  



We assumed t h a t  f, # 0; t h i s  i s  e q u i v a l e n t  t o  assuming  t h a t  

an i n v e r s e  e x i s t s  w h i c h  a l l o w s  11s t o  f i n d  I f r o m  a 

measurement o f  t h e  image i n t e n s  i t y :  

So we can f i n d  a t  each p o i n t  t h e  magn i tude ,  b u t  n o t  t h e  

d i r e c t i o n  o f  t h e  Loca l  g r a d i e n t ,  T h i s  i s  v e r y  d i f f e r e n t  f r o m  

t h e  me thod  o f  d e t e r m i n i n g  shape f r o m  t e x t u r e  g r a d i e n t s  

( s e c t i o n  2 . 1 6 1 ,  where we can l o c a l l y  d e t e r m i n e  t h e  g r a d i e n t  

e x c e p t  f o r  a two-way a m b i g u i t y ,  

3 . 1  , 3  AMBIGUITIES AND A M B I G U I T Y  E D G E S :  

T h i s  i s  an easy  enough example t o  s t u d y  a m b f g u ~ t i e s ,  

C o n s i d e r  t h e  t w o  s u r f a c e s :  

C l e a r l y  t h e y  c a n n o t  be d i s t i n g u i s h e d  f r o m  m o n o c u l a r  v i e w s  

s i n c e  t h e i r  g r a d i e n t  magn i t udes  a r e  i d e n t i c a l :  i . e .  t h e y  

p r o d u c e  i d e n t  i c a l  i n t e n s  i t y  d i s t r i b u t i o n s  i n  t h e  image.  T h i s  



F i g u r e  23: A l o c a l l y  de t e rmined  a m b i g u i t y  edge .  
2 2 

f = 1 /  [X2  + y -1)  

F i g u r e  24: A g l o b a l l y  de t e rmined  

f = 1 / (1+x2  + ( y - ~ ) ~ )  

ambi gu i  t y  edge .  

1 / (1+x2  + ( y + ~ ) ~ )  



m a n i f e s t s  i t s e l f  i n  a s l o w i n g  doxn o f  t h e  c h a r n c t e r J s t i c s  a s  

t h e y  a p p r o a c h  t h e  t i n e  x = 0 ( a l t e r n a t i v e l y  h + O Q  1. They 

c a n n o t  c r o s s  t h i s  l i n e  a g g r e ~ a t i o n  o f  s i n g u l a r  p o i n t s ,  N o t e  

t h a t  t h e  c h a r a c t e r i s t i c s  app roach  t h i s  1 h e  a t  r i ~ h t  a n g l e s  

a n d  t h a t  t h e  edge i s  d e t e r m i n c d  l o c a l l y ,  each p o i n t  on i t  

b e i n g  a s i n g u l a r  p o i n t ,  

A second k i n d  o f  a m b i g u i t y  cdp,e can occur p a r a t  l e l  t o  

c h a r a c t e r i s t i c s ,  s e p a r a t i n g  t h o s e  w h i c h  can  be r e a c h e d  f r o n  

one s i n g u l a r  p o i n t  f r o m  t h o s e  r e a c h a b l e  o n l y  f r o m  a n o t h e r ,  

T h i s  k i n d  o f  edge i s  n o t  l o c a l l y  d e t e r m i n e d ,  s i n c e  a change 

i n  t h e  s u r f a c e  i s  p o s s i b l e  w h i c h  removes one o f  t h e  s i n g u l a r  

p o i n t s  a n d  makes a l l  t h e  c h a r a c t e r i s t i c s  a c c e s s i b l e  f r o m  t h e  

o t h e r ,  T h i s  can be done w i t h o u t  a l t e r i n g  an a r e a  n e a r  t w o  

g i v e n  p o i n t s  p r e v i o u s l y  s e p a r a t e d  b y  an a m b i g u i t y  edge. 

B o t h  t y p e s  o f  a m b i g u i t y  edges o c c u r  i n  t h e  g e n e r a l  case b u t  

a r e  not so easlly s t u d i e d  t h e r e .  T h e y  d i v i d e  t h e  image i n t o  

r e g i o n s  w i t h i n  each o f  wh i ch  a s o l u t i o n  can be o b t a i n e d .  

T y p i c a l l y  most such  r e g i o n s  w i l l  have one s h g u l a r  p o i n t  f r o m  

w h i c h  one may o b t a i n  i n i t  i a l  c o n d i t f o n s  ( p r o v i d e d  one makes a 

d e c i s  i o n  a b o u t  whet h e r  t h e  s u r f a c e  i s  concave o r  convex and 

knows t h e  d i s t a n c e  t o  t h e  s i n g u f a r  p o i n t ) ,  



3 . 2  LUNAR TOPOGRAPHY: 

3 . 2 . 1  I N T  RODUCT IOPI TO LUNAR TOPOGRAPHY : 

The o t h e r  v e r y  i n t e r e s t i n g  s i m p l i f i c a t i o n  t o  t h e  g e n e r a l  

shape f r o m  s h a d i n g  e q u a t i o n s  o c c u r s  when we i n t r o d u c e  t h e  

s p e c i a l  r e f l e c t i v i t y  f u n c t i o n  w h i c h  a p p l i c s  t o  t b e  m a t e r i a l  

i n  t h e  m a r i a  o f  t h e  moon, T h i s  i n  f a c t  was t h e  f i r s t  shape 

f r o m  s h a d i n g  p r o b l e m  s o t v e d  b o t h  t b e o r e t  i c a l  l y  and  i n  an 

o p e r a t i n g  a l g o r i t h m  1 4 1 ,  U s i n g  t h e  s p e c i a l  r e f l e c t i v i t y  

f u n c t i o n  and t h e  f a c t  t h a t  t h e  sun i s  a  d i s t a n t  source ,  i t  i s  

p o s s i b l e  ( b u t  v e r y  t e d i o u s )  t o  show t h a t  t h e  e q u a t i o n s  

s imp1 i f y  s o  t h a t  t h e  base  c h a r a c t e r i s t i c s  i t h e  

p r o j e c t i o n  o f  t h e  c h a r a c t e r i s t i c s  on t h e  image p l a n e )  become 

s t r a i g h t  L i n e s  r a d i a t  i n g  f r o m  t h e  zero-phase p o i n t ,  T h i s  

p o i n t  c o r r e s p o n d s  t o  g = 0 and i s  d i r e c t l y  o p p o s i t e  t h e  sun 

a s  seen f r o m  t h e  camera,  A c t u a l l y  t h i s  i s  t r u e  o n l y  when t h e  

sun i s  l o c a t e d  a t  n e g a t i v e  t, f o r  p o s i t i v e  t ( t h a t  I s  i n  

f r o n t  o f  t h e  camera) ,  t h e  r e l e v a n t  p o i n t  I s  t h e  phase 

p o i n t ,  d i r e c t l y  i n  t h e  sun, 
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3.2,2 R E F L E C T I V I T Y  FUNCTION F O R  THE F A R I A  O F  TFE MOON: 

The v a r i a t i o n  o f  1 i g h t  r e f l e c t e d  f r o m  t h e  s u r f a c e  o f  t h e  moon 

w i t h  phase a n d  i n c l  i n a t  i o n  o f  t h e  s u r f a c e  has been s t u d i e d  

f o r  a l o n g  t i A t  a g i v e n  l u n a r  phase  g, a l l  p o s s i b l e  

c o m b i n a t i o n s  o f  i n c i d e n t  a n g l e  . i and e m i t t a n c e  a n g l e  e a r e  

r e p r e s e n t e d  b y  s o r e  p o r t i o n  o f  t h e  s u r f a c e ,  A f a i r l y  good 

app rox  imat  i on  i s  t h e  Lornmel-See1 i g e r  f o r m u l a  I11 : 

Where p. i s  a c o n s t a n t  and t h e  f u n c t i o n  X ( G )  i s  d e f i n e d  b y  a 

t a b l e ,  T h i s  f o r m u l a  can  a l s o  be  d e r i v e d  f r o r n a  s i n p ' l i f i e d  

model o f  t h e  l u n a r  s u r f a c e ,  A s l i g h t  g a i n  i n  a c c u r a c y  i s  

p o s s i b l e  i f  i s  a1 lowed t o  v a r y  w i t h  G as w e l l ,  I n  

p a r t i c u l a r  Fesenkov [ ? I  f i n d s  t h e  more a c c u r a t e  f o r m u l a :  

Where a s  b e f o r e :  

A r e c e n t  t h e o r e t i c a l  model i s  t h a t  o f  Hapke 131 w h i c h  

c o r r e s p o n d s  f a i r l y  c l o s e l y  t o  t h e  measured r e f l e c t i v i t y  



f u n c t i o n .  I n  most o f  t h e s e  f o r m u l a e s  we f i n d  t h a t  f o r  a 

.g i ven  G, i s  c o n s t a n t  f o r  c o n s t a n t  I/€. The 1 i n e s  o f  

c o n s t a n t  I / E  a r e  m e r i d i a n s .  

A t  f u l l  moon, when G = I we f i n d  t h a t  t h e  who le  f a c e  hc?s 

c o n s t a n t  l u m i n o s i t y ,  T h i s  i s  q u i t e  u n l i k e  t h e  e f f e c t  on a 

sphe re  c o a t e d  w i t h  a t y p i c a l  m a t t  p a i n t  where t h e  image 

i n t e n s i t y  would v a r y  a s :  

Where R i s  t h e  r a d i u s  o f  t h e  image and r t h e  d i s t a n c e  f r o m  

t h e  c e n t r e  o f  t h e  image. The f u l l  moon t h u s  has  t h e  same 

appearance  a s  a f l a t  d i s c  i f  one i s  used t o  o b j e c t s  w i t h  

n o r m a l  m a t t  s u r f a c e s .  T h i s  may e x p l a i n  t h e  F l a t  appearance  

o f  t h e  f u l l  moon, 

3 .2  . 3  DE RIVAT ION OF THE SOLUT ION FOR LUNAR TOPOGRAPHY: 

B A S E  C H A R A C T E R I S T I C S :  

I n  t h e  case  o f  p i c t u r e s  t a k e n  o f  t h e  l u n a r  s u r f a c e  f r o m  

n e a r b y  (e ,g .  f r o m  o r b i t )  we have t h e  f o l l o w i n g :  



I. D i s t a n t  source ( t h e  moon subtends an a n g l e  o f  about , 0 3  

m i l  1 I - r ad ians  a t  the  sun), 

2, Near  p o i n t  source ( t h e  suii s u b t e n d s  an a n g l e  o f  about 1 0  

m i  1 1  i - r ad ians  a t  t h e  moon). 

3 ,  Camera a t  t h e  o r i g i n ,  

4 ,  The reflectivity f u n c t i o n  i s  cons tan t  f o r  c o n s t a n t  I / E ,  

T h i s  i s  a p r o p e r t y  o f  t h e  m a t e r i a l  o f  the  mar ia  o f  t h e  

moon which has been known f o r  some t i m p ,  

He have ( u s i n g  r e s u l t s  o b t a i n e d  i n  suhsect ion  2 . 3 . 4 ) :  

h 

Where L, i s  a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  f rom t h e  sun t o  

t he  moon, 

I f  I and E depend on some p a r a m e t e r  s, w h i l e  I / €  i s  cons tan t :  

E l s  = I E s  
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Since G i s  cons tan t  f o r  c o n s t a n t  I / E :  

I ,  + 4 E s  = 0 and t h e r e f o r e :  

I + , + E + E = O  

I f  I and E depend on som p a r a m e t e r  k :  

U s i n g  some o f  o u r  p r e v i o u s  r e s u l t s  we f i n d :  

And s i n c e  A .  = 0:  
U 

We w i l l  i g n o r e  F, f o r  now, m a i n l y  because i t  has an u g l y  
Y 

l ook ing  e x p a n s i o n .  
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z * .  
~ e t  x = - A E ~ + , , ~  where ( x ,  ,yo ,to) = A r, . 

n 1 r r 0  
#v 

N o t e  t h a t  A i s  a c o n s t a n t  i n  t h i s  case .  

Flow l o o k i n g  back a t  t h e  f i v e  O,D.E,'s: 

8 8 

A g a i n  we can d e c i d e  t o  i g n o r e  p a n d  q f o r  t h e  t i m e  be ing ,  a n d  

a t t e m p t  t o  d e t e r m i n e  t h e  b e h a v i o r  o f  t h e  characteristics. 

Our a i m  i s  t o  show t h a t  t h e i r  p r o j e c t i o n s  i n  t h e  image p l a n e  

a r e  s t r a i g h t  l i n e s  i ndependen t  o f  t h e  scene. The b e h a v i o r  o f  
8 0 

y a g a i n s t  x i s  o f  L i t t l e  h e l p  a n d  we n e x t  l o o k  a t  t h e  

p r o j e c t i o n s  i n  t h e  image p l a n e :  
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x '  = x ( f / A  a n d  y'  = y ( f / d  

Now i f  t h e  s u r f a c e  i s  no t  tangent  t o  t h e  r a y  f rom t b e  camera:  

E # 0 i , e .  r , n  # 0 and t h e r e f o r e :  
I * r H  

I f  i n  a d d i t  ion # 0, A # 0 and t # 0, t h e n  we can d i v i d e  

t h e  two equat ions :  



T h i s  f i  r s t - 4 o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  base 

character i s t  ~ C S  i s  s e p a r a b l e :  

S o h  i n g  t h i s  we o b t a i n :  

L e t  t h e  a r b i t r a r y  c o n s t a n t  c be t a n W :  

Thus  t h e  p r o j e c t  i o n s  o f  t h e  c h a r a c t e r i s t i c s  a r e  s t r a i g h t  

l i n e s  i n  t h e  image p l a n e  w a n a t  i n g  f r o m  t h e  p o i n t :  

I f  t h e  sun i s  b e h i n d  t h e  p l a n e  o f  t h e  image (t, > 0 - a s  

w o u l d  u s u a l l y  be t h e  c a s e  f o r  r e a s o n a b l e  i l l u r n i n a t  i o n  and 

a v o i d a n c e  o f  e x t r a n e o u s  l i g h t  e n t e r i n g  t h e  l e n s )  t b i s  p o i n t  

i s  c a l l e d  t h e  ze ro -phase  p o i n t ,  s i n c e  i t  c o r r e s p o n d s  t o  t h e  

p o i n t  i n  t h e  scene w h i c h  i s  d i r e c t l y  o p p o s i t e  t h e  sun  a s  seen 

f r o m  t h e  camera a n d  hence g = 0. Because o f  t h e  s p e c i a l  

p r o p e r t i e s  o f  t h e  r e f l e c t i v i t y  f u n c t i o n  o f  t h e  m a r i a  o f  t h e  

moon i n t e n s i t y  v a r i a t i o n s  i n  t h i s  r e g i o n  a r e  e n t i r e l y  due t o  
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n o n - u n i f o r m s u r f a c e  p r o p e r t i e s  r a t h e r  t h a n  shape. I t  i s  f o r  

t h i s  reason t h a t  t h i s  p o i n t  Is n o t  u s u a l l y  i n c l u d ~ d  i n  t h e  

image bu t  1 i e s  somewhat o u t s i d e  i t  i n  t h e  image-p lane.  T h i s  

w i l l  p rove  u n f o r t u n a t e  l a t e r  on when we have to i n v e n t  

i n i t i a l  c o n d i t  i ons ,  

I f  t h e  sun i s  i n  f r o n t  o f  t h e  image p l a n e  ( r ,  < 01, t h e  

s p e c i a l  p o i n t  i s  t b e  T p h a s e  p o i n t ,  wbere t h e  image o f  t h e  

sun w o u l d  appear  i n  t h e  image-p lane.  

So t h e  o b v i o u s  s imp1 i f i c a t  ion t o  t h e  equat  i ons  w h i c h  would 

a r i s e  i f  we l e t  x, = yo = 0 cannot be e x p l o i t e d  s i n c e  we do 

no t  w i s h  t o  o r i e n t  t h e  camera i n  t h i s  w a y ,  

We would 1 i k e  t o  arrange  f o r  s, t h e  pa rame te r  t h a t  v a r i e s  

a l o n g  e a c h  c h a r a c t e r i s t i c ,  t o  c o r r e s p o n d  t o  a r c - l e n g t h  T h i s  

can  be a c h i e v e d  by m u l t i p l y i n g  each o f  t h e  f i v e  O.D.Les  b y  

h , where:  

Then by c h o o s i n g  c o n s t a n t s  s u i t a b l y :  
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Thus s g i v e s  a r c  l e n g t h  a l ong  t h e  c b a r a c t e r i s t  i c s  w h i l e  t h e  

va l ue  o f  t s e l e c t s  a p a r t i c u l a r  characteristic. 

3 . 2 , 3 , 2  THE INTEGRAL  F O R  i s :  

We n e x t  t u r n  t o  wh ich  we wou ld  1 i k e  t o  f i n d  w i t h o u t  s o l v i n g  

t h e  messy equa t i ons  f o r  and q .  

Th i s  i s  a good p l a c e  t o  i n t  roduca some abbrev l a t  ions o f  

commonly occu r i ng  do t -p roduc ts :  



Note  t h a t  L i s p r e d e t e r m i n e d  ( i . e .  independent  o f  t be image) 

and t h a t  L and F? t e n d  t o  0 i f  t h e  camera i s  p c i n t e d  d i r e c t l y  

away f r o r n t h e  sun W e .  x, = y o  = 0) 

- t N  
0 

and so: t = 
(1 -R-sN ) 

We now a t t e m p t  t o  e x p r e s s  t h i s  i n  terms o f  measureahle and  

c a l c u l . a b l e  q u a n t i t i e s  (s.a.  G, I / E ,  s  and t). Since  +I/E f 0 

and d i f f e r e n t i a b l e  i t  must be mono ton i c  and hence have an 

i n v e r s e .  Tha t  i s ,  g i v e n  b/A we w i l l  be a b l e  t o  c a l c u l a t e  I / E  

( G  i s  known a t  each p o i n t ) .  

t-* = (x,,y,, to) and r, = / x ~ + y ~ + &  

' 0  

L e t  Q =  /sa + Z S L  + (-1 
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Then r = t O  

'-0 z 
L e t  T = s L  + (-1 

So v:e can  c a l c u l a t e  G f o r  each  p o i n t  on t h e  c h a r a c t e r i s t i c ,  

i ndependen t  o f t  a n d  t h e  scene. N e x t  we a t t e m p t  t o  r e w r i t e  

t h e  e x p r e s s i o n  f o r  t i n  t e r m s  o f  I/E: 

A s  m e n t i o n e d  b e f o r e  one can f i n d  an i n v e r s e  to f s e t . :  



The u s u a l  t a b l e s  f o r  # i n  t h e  case o f  t h e  m a r i a  o f  t h e  moon 

however a r e  n o t  u s u a l l y  g i v e n  i n  terms o f  I / E  and G, b u t  

r a t h e r  a and g. Where : 

o< I s  t h e  p r o j e c t i o n  o f  t h e  ern i t tance a n g l e  on t h e  phase-  

angle  p l a n e .  

De f ine 



3 . 2 . 3 . 3  THE I N T E G R A L  F O R  r :  

So f a r  we have been working i n  t h e  c o o r d i n a t e s  x' ,  y' and t. 

The f i n a l  r e s u l t  looks  n e a t e r  i f  we use r i n s t e a d  o f  t. 

W r i t t e n  out  more f u l l y ,  we h a v e :  
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The n u m e r a t o r  i s  a  f i x e d  q u a n t i t y  f o r  each c h a r a c t e r i s t i c ,  

t h e  d e n o m i n a t o r  v a r  i e s  a l o n g  each  c h a r a c t e r  i s t  i c  ( b u t  i s  

i ndependen t  o f  t h e  scene) ,  w h i l e  t a n W  i s  o b t a i n e d  f r o m  t h e  

measurement o f  b /A  and t h e  known G ( u s i n g  t h e  f u n c t i o n  y). 
The g i v e n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  f o r  r has  t h e  s i m p l e  

s o l u t i o n :  

where 

r ( 0 )  i s  t h e  d i s t a n c e  t o  t h e  p o i n t  f r o m  where t h e  i n t e g r a t i o n  

was s t a r t e d ,  

T o  sum up: a s  one advances  a l o n g  e a c h  c h a r a c t e r i s t  i c  i n  

t u r n ,  one c a l c u l a t e s  G, measures b/A and uses t o  o b t a i n  



t a n ( o 0 ,  w h i c h  i s  t h e n  used i n  t h e  e v a l u a t i o n  o f  t h e  above  

i n t e g r a l .  The p r o c e s s  i s  m f ~ c h  s i m p l e r  t h a n  t h e  z e n e r a l  shape 

f r o m  s h a d i n g  a l g o r i t h m  i n  t h a t  t h e  base  c h a r a c t c r i s t  i c s  a r e  

p r e d e t e r m i n e d  s t r a i g h t  1 ines  and o n l y  an i n t e p r a l  needs t o  be 

e v a l u a t e d .  I t  i s  p o s s i b l e  t o  w r i t e  t h e  above r e s u l t  i n  a 

s l i g h t l y  more e l e g a n t  form, w h i c h  i s  t h e  one d e r i v e d  b y  T .  

R i n d f l e i s c h  ( f o r  t o  > 0): 

Whe r e  s *  = f s  

2 * * o  t o  z tt, t o t  



The t w o  ways o f  w r i t i n g  t h e  i n t e g r a l  a r e  t h u s  e q u i v a l e n t ,  

3 , 2 , 4  SOME CObiMENTS ON T H E  I N T E G R A L  SOLUT1ON: 

I. The base c h a r a c t e r  i s t  i c s  a r e  p r e d e t e r m i n e d  s t r a i c h t  1 i n e s  

( i n d e p e n d e n t  o f  t h e  image) ,  T h i s  makes f o r  h i g h  a c c u r a c y  

and ease i n  p l a n n  ing a p i c t u r e  t a k i n g  m i s s i o n ,  

2 ,  On ly  a s i n g l e  i n t e g r a l  needs t o  be e v a l u a t e d ,  n o t  f i v e  

d i f f e r e n t i a l  e q u a t i o n s ,  

3 .  The p r i m a r y  i n p u t  i s  t h e  i n t e n s i t y ,  n o t  i t s  g r a d i e n t s ,  

a g a i n  mak ing  f o r  h i g h  a c c u r a c y ,  

4 ,  A l t hough ,  as  u s u a l ,  t h e  r e f l e c t e d  l i g h t - i n t e n s i t y  does n o t  

g i v e  a un ique  no r r ra l ,  i t  does d e t e r m i n e  t h e  s t o p e  

component in t h e  d i r e c t  ion o f  t h e  c h a r a c t e r i s t i c .  



J. van D i g g c l m  121 f i r s t  n o t e d  a s p e c i a l  case o f  t h i s  

when he s o l v e d  t h e  l u n a r  topography  p r o b l e m  f o r  t h e  

s p e c i a l  case  o f  an a r e a  n e a r  t h e  t e r m i n a t o r  ( 1  i n e  

s e p a r a t i n g  s u n l i t  f r o m  d a r k a r e a s ) ,  The c h a r a c t e r i s t i c s  

a r e  such t h a t  t h e  s l o p e  a l o n g  them can be de te rm ined  

l o c a l l y  . The s l o p e  a t  r i g h t  a n g l e s  t o  t h e  

c h a r a c t e r i s t i c s  canno t  be d e t e r m i n e d  l o c a l l y ,  

5 ,  A l t h o u g h  T ,  R i n d f l e i s c h  I 4 1  d i d  n o t  men t i on  i t  i n  h i s  

pape r  i t  i s  v e r y  easy t o  b r i d g e  shadows s i n c e  each 1 i g h t -  

r a y  l i e s  i n  a s u n - c a m r a - c h a r a c t e r i s t i c  p l a n e .  Its image 

can  t h u s  be t r a c e d  on t h e  base c h a r a c t e r i s t i c  u n t i  1 we 

a g a i n  meet a l i g h t e d  a rea ,  One need n o t  even make s p e c i a l  

p r o v i s i o n s  f o r  t h i s ,  b u t  j u s t  use t a n ( N  f o r  g r a z i n g  

i n c i d e n c e  ( i n t e n s i t y  = 0) i n  t h e  shaded s e c t i o n ,  

3 , 3  A P P L I C A T I G N  TO OBJECTS BOUNDED R Y  PLANE S G R F A C E S :  

d 

S i n c e  a g r e a t  dea l  o f  image p r o c e s s  i n g  t h e s e  days i s  a p p l  i e d  

t o  images o f  p o l y h e d r a  one m igh t  e n q u i r e  how one c o u l d  a p p l y  

t h i s  method t o  such  o b j e c t s ,  F i r s t  we n o t e  t h a t  t h e  main 

f e a t u r e s  o f  t h e s e  o b j e c t s ,  t h e  j o i n t s  ( a n g u l a r  edges on an 

o b j e c t )  a n d  edges (where one o b j e c t  occ ludes  a n o t h e r ) ,  a r e  a 

s tumbl  ing b l o c k  t o  t h e  app t  i c a t i o n  o f  o u r  method deve loped s o  



f a r .  S i n c e  wc already know t h a t  t h e  a r c a s  o f  more o r  l e s s  

c o n s t a n t  r e f l e c t i v i t y  a r e  p l a n e  f a c e s  t h e r e  i s  1 i t t l e  p o i n t  

i n  e x p l o r i n g  t hen .  So a c o m p l e t e l y  d i f f e r e n t  app roach  i s  

i n d i c a t e d .  F i r s ' i l y  we m i g h t  check whether  a p a r s  i ng  o f  t h e  

scene o b t a i n e d  b y  some o t h e r  method i s  c o r r e c t  i n  t h e  sense 

t h a t  t h e  i n t e n s i t i e s  obse rved  f o r  t h e  f aces  c o r r e s p o n d  t o  

t h e i r  i n c l i n a t i o n s  ( t h e  i n fo r rna t  i c n  on t h e  i n t e n s i t y  o f  t h e  

f a c e s  i s  u s a l  l y  d i s c a r d e d ) ,  I t  i s  n o t  c l e a r  however what one 

m i g h t  do i f  t h i s  t e s t  f a i l s .  Fur thermore,  t h e  programs w h i c h  

reduce t h e  image t o  a l i n e - d r a t d n g  and t n e n  dec ide  wh ich  

faces  b e l o n g  t o  each o b j e c t  cannot r e a l  l y  de te rm ine  t h e  

i n c l  i n a t  i ons  o f  t h e  v a r i o u s  f a c e s  w i t h o u t  a d d i t  i o n a l  

assumpt i ons  ( o r t h o g o n a l  i t y  f o r  example?) , 

One can however f i n d  t h c  n o r m a l s  t o  each f a c e  d i r e c t l y  f r o m  

t h e  known s l o p e s  o f  t h e  p r o j e c t i o n  o f  t h e  j o i n t s  i n  t h e  image 

a n d  t h e  measured r e f l e c t  i v  i t  i e s .  One must know wh ich  1 i nes  

I n  t h e  image a r e  t r u e  j o i n t s  (between t w o  faces  b e l o n g i n g  t o  

t h e  same p o l y h e d r o n )  and wh ich  a r e  f o r t u i t o u s  (edges between 

f a c e s  o f  d i f f e r e n t  o b j e c t s ) ,  Fo r  each normal  vie need two 

v a l u e s .  Each i n t e n s i t y  g i v e s  us one non - l  i n e a r  e q u a t i o n  and 

each s l o p e  o f  an image o f  a j o i n t  g i v e s  us a n o t h e r ,  The  

e q u a t i o n  f r o m  t h e  i n t e n s i t y  i s  o f  c o u r s e :  



Where we know t h a t  I, E and  G a r c  f u n c t i o n s  o f  p  and q. There  

w i l l  bc  one such e q u a t i o n  f o r  each  f a c e .  

Nhere t w o  f a c e s  w i t h  no rma ls  L, and L~ i n t e r s e c t ,  t h e y  f o r m  a 

j o i n t  w h i c h  w i l l  be seen i n  t h e  image. Suppose two p o i n t s  on 

t h i s  image a r e  3 and B 4  Then a  v e c t o r  p e r p e n d i c u l a r  t o  t h e  
ry 

p l a n e  t h r o u g h  t h e  j o i n t  and t h e  camera i s  A x B ,  We a l s o  know 
N rC. 

t h a t  t h e  j o i n t  must be p a r a l l e l  t o  n I C ~ _ ~ .  But Ax!  must b e  - J Y 

p e r p e n d i c u l a r  t o  t h e  j o i n t  hence:  

IMAGE \ 
Figure  25: P r o j e c t i o n  o f  a j o i n t  on a polyhedron on 

t h e  image. 



Each j o i n t  c o n t r i b u t e s  one s u c h  e q u a t i o n .  N e x t  w;t d t? tc rm ine  

how many f a c e s  must  I n t c r s t l c t  b c f o r c  we h a v e  enouzh 

i n f o r m a t i o n  f o r  a s o l u t i o n ,  Two f a c e s  i n t e r s e c t  inp, g i v e  us 

~ L J O  e q u a t i o n s  from t h e  i n t e n s i t i e s  a n d  one f r o m  t h e  s lobc!  o f  

t h e  image o f  t h e  j o i n t ,  w h i l e  we n e e d  f o u r  unknowns, An 

i n f i n i t y  o f  s o l u t i o n s  t h u s  e x i s t ,  W i t h  t h r e e  f a c e s  a  

s o l u t i o n  i s  p o s s i b l c  s i n c e  we have s i x  e q u a t i o n s  i n  s i x  

unknowns, Because o f  t h e  n o n - l i n e a r t t y  o f  t h c  e q u a t i o n s  

more t h a n  one s o l u t i o n  m i g h t  e x i s t ,  N i t h  a l a r g e r  n u m h w  o f  

faces  we a l w a y s  have a t  l e a s t  enough  i n f o r r a t  i o n  f o r  a 

s o l u t i o n  a n d  a t  t i m e s  have more e q u a t  i ons  t h a n  unknowns w h i c h  

may remove somi? o f  t h e  rema in  in[; amb i g u i t  i p s  and  imp rove  t h e  

a c c u r a c y ,  I n  t h i s  way t o o  i t  may be p o s s i b l e  t o  d i s c o v e r  

w h i c h  j o i n t s  a r e  r e a l l y  between f a c e s  o f  t h e  same o b j e c t .  

3 . 4  FAC I A L  MAKE-UP : 

When a s u r f a c e  whose p h o t o m e t r i c  p r o p e r t  i e s  a r e  taker !  t o  be 

u n i f o r m  i s  t r e a t e d  s o  as  t o  change t k s e  p r o p e r t i e s  i n  some 

a reas ,  t h e  appa ren t  shape i s  changed.  T h i s  o f  c o u r s e  i s  one 

o f  t h e  uses o f  make-up. The shape o f  a f a c e  f o r  examp l c ,  can 

be made t o  c o n f o r m  more c l o s e l y  t o  what a p e r s o n  t h i n k s  i s  

c u r r e n t l y  c o ~ s i d e r r d  ' i d e a l ' .  T h i s  i s  a c h i e v e d  b y  m a k i n g  

some a r e a s  d a r k e r  ( c a u s i n g  them t o  appea r  s t e e p e r )  and o t h c r s  



F i g u r e  26: I l l u s t r a t i o n  o f  t h e  e f f e c t  o f  f a c i a l  make-up. 

F i g u r e  27: I l l u s t r a t i o n  o f  t h e  e f f e c t  o f  f a c i a l  make-up. 



I i g h t c r .  A r e a s  l i z h t c n c d  u s u a I  Iy l n c l u d ~  s i n g u l a r  p o i n t s  a n d  

cause 3 change i n  tt7~ apparent :  s k i n  d a r k n e s s  ( a  n o r m n t i z a t i o n  

e f f e c t )  a n d  w i l  l changc t h e  a p p a r a n t  s h a p ~  i n  a r e a s  o t h e r  

t ' b n  t be s l n g u l a r  p o i n t s .  

Thesc  modi f i c a t  i o n s  can change t h e  shape p c r c e  i v e d  when 

v i e w e d  under  t h e  r i g h t  l i g h t i n g c o n d i t i o n s .  The e f f e c t  w i l l  

c h a n ~ e  somewhat w i t h  o r i e n t a t  i o n  and may a t  t i m e s  d i s a p p e a r  

when no reasonab le  shape w o d d  g i v e  r i s e  t o  t h e  shad ing  

observed, Because of a n u h c r  o f  s u r f a c e  o i  1s t h e  s k i n  h a s  

a spccular component i n  i t s  r e f l e c t i v i t y ,  i t  i s  a l s o  f a i r l y  

t r a n s l u c e n t ,  Roth o f  t h e s e  e f f e c t s  a r e  s o m e t i m ~ s  c o n t r o l l e d  

w i t h  t a l c u m  powdzr ,  The removal  o f  t h e  s p e c u l a r  components 

makes t h e  s u r f a c e  appca r more smooth. 



4 ,  E X P E R I I 4 E ; J T A L  RESULTS : 

4 . 1  A PR0GRkf.i  S O L V I f J G  THE CHkT-!P,CTERISTJCS SEQUEP!TIALI .Y:  

Khcn t h e  s o l u t i o n  t o  t h e  shape f r o m  s l m d i n g  p r o b l e m  had been 

f o u n d  us i ny :  t h e  i n c o n v e n i e n t  c o o r d i n a t e  s y s t r m  (x', y', t ) ,  a 

p r o g r a m  was w r i t t e n  w h i c h  w o u l d  s o l v e  t h e  f i v e  O . D . E , ' s  a l o n g  

one c h a r a c t e r i s t i c  a t  a t inie ( t h e  equat  i m s  u s e d  a r e  n o t  

r e p r o d u c e d  h e r e ) .  The i n p u t  d a t a  was o b t a i n e d  f r o m  t h e  

i m a g e - d i s s e c t o r  camera a t t a c h e d  ( z t  t h a t  x ;me) t o  t b  P D P - 6  

compu te r  i n  t h e  A r t  i f i c i a l  I n t e t  I i g e n c c  L a b o r a t o r y ,  Th i s  

camcva i s  a random access  dev i c e  : trl-wn r: i v e n  an x and a y 

c o o r d i n a t e  i t  r e t u r n s  a number p r o p o r t i o n a l  t o  t h e  i n t e n s i t y  

a t  that :  p o i n t  i n  t h e  image. The p r o g r a m  f i r s t  sea rches  f o r  a 

maximum i n  i n t e n s i t y ,  c o n s t r u c t s  a s r m l l  s p h e r i c a l  cap a round  

i t  ( t o  o b t a i n  an i n i t i a l  c u r v e )  a n d  uses a s t a n d a r d  n u m e r i c a l  

m e t h o d  ( s e e  subsect i o n  4 . 7 . 2 )  t o  s o l v e  t h e  s e t  o f  f i v e  

o r d i n a r y  d i f f e r e n t  i a l  e q u a t  i o n s ,  

The p r i m e  d a t a  r e q u i r e d  i n  t h i s  s o t u t i c n  i s  t h e  i n t e n s i t y  

g r a d i e n t  ( x '  and  y' d e r i v a t i v e s  o f  t h e  i n t e n s i t y ) ,  w h i c h  i s  

o b t a i n e d  f r o m  t h e  i n t e n s i t i e s  measured f o r  a snm1 1 r a s t e r  o f  

p o i n t s  n e a r  t h e  c u r r e n t  x '  and y'. A 1 inctar  f u n c t i o n  i n  x '  

and y' i s  f i t t e d  t o  t h i s  s e t  o f  i n t e n s i t  i p s ;  t h e  

c o e f f i c i e n t s  o f  x '  a n d  y' a r e  t h e  d e s i r e d  gradients. T h e  



s i t e  o f  t h e  r a s t e r  i s  chosen  t o  c o r r e s p o n d  t o  t he  s t e p - s i t e  

used i n  t h e  n u r ~ x ? r i c a l  s o l u t i o n  method, s o  t h a t  s u c c e s s i v e  

r a s t e r s  a lmos t ,  b u t  n o t  q u i t e ,  t o u c h .  In t h i s  way  f a i r  

a c c u r a c y  i n  t h e  d e t e r m i n a t i o n  o f  t h e  g r a d i e n t s  i s  o b t a i n e d  

w i t hou t  l o s s  i n  r e s o l u t  i o n ,  

I f  t h e  Leas t - squa res  f i t  i s  bad, i n d i c a t i n g  t h a t  s u r f a c e  

d e t a i l  i s  b e i n g  m i s s e d  w i t h  t h e  s t e p s i z e  used, o r  t h a t  t b e  

c h a r a c t e r i s t i c  i s  t r a v e r s i n g  an edce  o r  j o i n t ,  t h e  s o l u t i o n  

f o r  t h i s  c h a r a c t e r i s t i c  i s  h a l t e d  a n d  t h e  s o l u t i o n  s t a r t e d  

f o r  t h e  n e x t  c h a r a c t e r i s t i c ,  O t h e r  reasons f o r  t e r m i n a t i n g  

t h e  s o l u t i o n  a r e  t h a t  t h e  c h a r a c t e r i s t i c  has  l e f t  t h e  f i e l d  

o f  v i e w  o f  t h e  i m a g e - d i s s e c t o r  o r  reached a v e r y  d a r k  r e g i o n ,  

most l i k e l y a  shadow o r  t h e  background .  When e i t h e r  t h e  

( c a l c u l a t e d )  i n c i d e n t  o r  e rn i t t ance  a n g l e s  become v e r y  s m a l l  

( i n d i c a t  i ng  a p p r o a c h  t o  an edge o r  shadow edge)  o r  v e r y  

l a r g e  ( i n d i c a t  i n g  a p p r o a c h  t o  a n o t h e r  s i n g u l a r  p o i n t  o r  an  

a m b i g u i t y  edge)  t h e  s o l u t i o n  w i l l  a l s o  be  s t o p p e d .  

The d a t a  s t r u c t u r e  h e r e  i s  v e r y  s irnpie; j u s t  a r e c o r d  o f  

v a r i o u s  v a l u e s  ( x ' ,  y', t ,  i n t e n s i t y ,  p' and q') f o r  each 

p o i n t  on each  c h a r a c t e r i s t i c ,  The shape so d e t e r m i n e d  can be 

d i s p l a y e d  i n  p e r s p e c t i v e  a n d  s t e r e o  on a DEC 3 4 0  d i s p l a y ,  

The c h a r a c t e r i s t i c s  appea r  as  dashed l i n e s  - each dash 

r e p r e s e n t i n g  a s t e p  i n  t h e  i n t e g r a t i o n  (Ne chose t h e  
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p a r a m e t e r  s  s o  t h a t .  e a c h  dash r e p r e s e n t s  t h e  same a r c -  

l e n ~ t h )  . The o u t p u t  can be p h o t o g r a p h e d  f r o m  t h e  d i s p l a y  

a n d  p l o t t e d  on a Calcomp p l o t t e r ,  

4.1 ,I A U X I L I A R Y  ROUTINES: 

A number o f  a u x i l i a r y  r o u t i n e s  needed t o  be w r i t t e n  f o r  t h i s  

p rog ram,  F i r s t  t h e  Incornpa tab le  T ime S h a r i n g  Sys tem ( I T S )  

on t h e  P D P - 6  does n o t  s u p p o r t  a FORTRAN s t y l e  a r i t h m t  i c  

l anguage  and  a l l  p rogran im ing  was done i n  a s s e v b l y  l ancuage  

( b : I D A S ) .  The l a r g e  amount of a r i t h m e t i c  i n v o l v e d ,  

p a r t  i c u l a r l y  w i t h  t h e  i n c o n v e n i e n t  n o t a t  i o n  and  c o o r d i n a t e  

sys tem used a t  f i r s t ,  made i t  i m p e r a t i v e  t o  i n c o r p o r a t e  i n t o  

t h e  a s s e m b l e r  t h e  a b i  1 i t y  t o  h a n d l e  a r i t h m e t  i c  s t a t e m e n t s ,  

N e x t  we c o n s t r u c t e d  a package  o f  u s e f u l  r o u t  i n e s  w h i c h  

h a n d l e s  f l o a t i n g  p o i n t  I / O ,  dynamic  a r r a y  a1 l o c a t  i o n  and  e a s y  

g e n e r a t i o n  o f  d i s p l a y  l i s t s  f o r  t h e  CEC 3 4 0 .  I t  a l s o  

i n c l u d e s  r o u t  i n e s  f o r  t h e  s t a n d a r d  a r  i t h rne t  i c  f u n c t  i o n s  

(SQRT, S I N ,  LOG e t c , )  a n d  m a n i p ~ ~ l a t  i o n  o f  v e c t o r s  a n d  

m a t r i c e s  ( m u l t i p l i c a t i o n ,  a d d i t i o n ,  i n v e r s i o n  e t c , ) ,  

I n t e r r u p t s ,  u s e r  d e f i n e d  ope r a t  i ons an d conrnand 

i n t e r p r e t a t  i o n  a r e  d e a l t  w i t h  as  w e l l ,  Some o f  t h e  r e m a i n i n g  

r o u t i n e s  w i l l  be b r i e f l y  d e s c r i b e d  i n  t h e  n e x t  f ew  s e c t i o n s ,  
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4 . 1  ,I ,I STEREO PROJECTIOPI A N D  OBJECT ROTAT I O N  : 

S ince  i t  i s  i m ~ o r t a n t  ( p a r t  i c u l a r l y  d u r i n g  t h e  debugging 

phase)  t o  be a b l e  t o  v i s u a l i z e  tfic shape b e i n g  c a t c u l a t c d ,  

s t e r e o s c o p i c  o u t p u t  on t h e  d i s p l a y  i s  p r o v i d e d ,  

L e t  dS be t h e  s e p a r a t i o n  o f  t h e  eyes, f t h e i r  d i s t a n c e  f r o m  

t h e  d i s p l a y  a n d  d, t h e  d i s t a n c e  f r o m  the  eyes t o  t h e  o r i g i n  

o f  t h e  c o o r d i n a t e  sys tem (usua t  l y  chosen t o  be a t  t h e  

s i n g u l a r  p o i n t  f r o m  wh ich  t h e  s o l u t i o n  w s  s t a r t e d ) .  The 

c o o r d i n a t e s  o f  t h e  l e f t - e y e  and r i g h t - e y e  images o f  t h e  p o i n t  

(x,y,t) a r e  t h e n  ( x O , y ' )  and (x;,yO) where: 
C 

A p a i r  o f  l enses  i s  employed t o  f o c u s  on t he  s u r f a c e  o f  t h e  

d i s p l a y  w h i t e  c o n v e r g i n g  on t h e  appa ren t  p o i n t  ( x , y , t ) .  

O b v i o u s l y  one needs t o  know t h e  s c a l i n g  o f  t h e  d i s p l a y  in  

te rms o f  ds i p l a y  u n i t s  p e r  mm, 

One wou ld  1 i k e  t o  be  a b l e  t o  v iew t h e  o b j e c t s  f rom v a r i o u s  

s i d e s  and perhaps  even have some r o t a t  t o n a l  mot i o n  t o  g a i n  a  

g r e a t e r  p e r c e p t i o n  o f  dep th .  To t h i s  end t h e  o b j e c t  can be 

r o t a t e d  a round i t s  o r i g i n  (also o f f s e t  and expanded i n  s i z e ) .  
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DISPLAY 
SU R FAC E 

F igu re  28: S te reo -p ro j ec t i on  o f  an o b j e c t  p o i n t .  

F igure  29: D e f i n i t i o n  o f  P i t c h ,  Yaw and R o l l .  
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T h i s  was p r e f e r r e d  o v e r  t h e  more  common method o f  allow in^ 

t h e  e y e s  t o  be  moved a r o u n d  i n  t h e  o b j e c t  space, 

To o b t a i n  any  o r  i e n t a t  ion  w i t h  one m a t r i x  mu1 t f p l  i c a t  ion, t h e  

t h r e e  a n g l e s  P ( p i t c h ) ,  Y (yaw) and R ( r o l l )  a r e  d e f i n e d  as 

r o t a t  i ons  about  t h e  x ,  y  and  t axes r e s p e c t i v e l y ,  They  a r e  

a p p l  l e d  i n  t h a t  o r d e r  ( o r d e r  i s  i m p o r t a n t  because r o t a t  ions  

a re  n o t  commutat i v e ) ,  

U s i n g  t h e  a b b r e v i a t  ion  c  f o r  c o s i n e  and  s f o r  s i n e  we have: 

The v a r i o u s  pa rame te rs  c o n t r o l  I ing  t h e  object r o t a t i o n  and 

t h e  p r o j e c t i v e  mapping can e i t h e r  be p r e s e t  or c o n t f n o u s l y  

r e a d  i n  f r o m  a number o f  p o t e n t i o m e t e r s  ( c o n n e c t e d  t o  a  

m u l t i p l e x o r  a n d  an A / D  c c n v e r t o r )  c o n t r o l l e d  by t h e  v i e w e r ,  

Whi le  one d i s p l a y  l i s t  appears,  t h e  o t h e r  i s  b e i n g  c a l c u l a t e d  

u s i n g  t h e  l a t e s t  s e t  o f  pa rame te rs  a n d w i l l  i n  t u r n  b e  

d i s p l a y e d  when comp le ted .  The pa rame te rs  a r e  a [ s o  d i s p l a y e d ,  

t h e y  a r e :  



Page 1 2 2  

PITCH,  YAN a n d  ROLL (P, Y a n d  R )  

S I Z E C  o r  MAG - m a g n i f  i c a t  i o n  o f  t h e  o b j e c t  

F D I S  o r  D I M G  - d i s t a n c e  f r o m  eye  t o  d i s p t a y  ( f )  

DGBJ - d i s t a n c e  f r o m  eye  t o  o b j e c t  ( d o )  

DSEY o r  E Y E S  - s e p e r a t i o n  o f  t h e  eyes  ( d S )  

F o r  p h o t o g r a p h i c  p u r p o s e s  each  o f  t h e  t w o  images i n  t u r n  can 

be  b lown  up ( t o  a c c o u n t  f o r  t h e  r e d u c t i o n  I n  s i r e  i n  t h e  

c a n e r a )  and  d i s p l a y e d  a f i x e d  number o f  t i m e s  w h i l e  t b e  

s h u t t e r  i s  open. Windowing a t  t h e  edge o f  t h e  s c r e e n  i s  

a u t o m a t i c  a n d  some v e r y  s i m p l e  k i n d s  o f  h i d d e n  t i n e  

e l  i m i n a t  i o n  a r e  a v a i  t a b l e  b u t  n c t  n o r m a l l y  used. The same 

s t e r e o  d i s p l a y  package i s  used by t h e  L a t w  v e r s i o n  o f  t b e  

p rog ram (new S H A D E ) .  

4 . 1 . 1 . 2  M E A S U R I N G  THE REFLECTIVITY FL'NCTIOH: 

The r e f l e c t  i v  it y f u n c t  i o n s  o f  some p a i n t s  we r e  measured us i n g  

sphe res  ( l a r g e  r u b b e r  b a t  I s )  as  c a t  i b r a t  i o n  o b j e c t s ,  B o t h  

camera a n d  s o u r c e  were  moved as  f a r  away a s  p o s s i b l e  t o  

a c h i e v e  a l m o s t  c o n s t a n t  phase a n g l e  g. The i m a ~ e  o f  a  convex 

o b j e c t  i s  e s p e c i a l  t y  u s e f u l  because  i t  c o n t a i n s  two  p o i n t s  

f o r  a 1  1 p o s s i b l e  comb ina t  i o n s  o f  t h e  I n c i d e n t  and c r n i t t a n c ~  

a n g l e s  ( i  and e )  f o r  a g i v e n  phase  a n g l e  (g). The  p o s i t i o n  
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o f  t h e  l i g h t - s o u r c e  i s  rncasured, a s  w e l l  as  t k e  d i s t a n c e  f r o m  

t h e  f r o n t  o f  t h e  s p h e r e  t o  t h e  e n t r a n c e  p u p i l ,  Thc i m a , ~ e -  

d i s z e c t o r  i s  f o c u s e d  on t h e  edge o f  t h e  sohel-e,  

W i t h  t h ?  s p h e r e  t e m p o r a r  i l y  i 1 l u r n i n a t e d  f r o m  s e v e r a l  sources,  

t h e  p r o g r a m  f i n d s  i t s  e x a c t  p o s i t l o n  and s i t e ,  as  w e l l  as  t h e  

d i f f e r e n c e  i n  h o r i z o n t a l  a n d  v e r t i c a l  d e f l e c t i o n  s e n s i t i v i t y  

o f  t h e  i m a g e - d i s s e c t o r ,  I t  i s  now i n  a  p o s i t i o n  t o  c a l c u l a t e  

t h e  p a i n t s  i n  t h e  image wh ich  correspond t o  g i v e n  i n c i d e n t  

a n d  e m i t t a n c e  a n g l e s ,  F o r  a number o f  c h o i c e s  o f  h o t  h  o f  

t h e s e  a n g l e s  i t  t h e n  reads  t h e  i n t e n s i t y  a t  a s m a t l  r a s t e r  o f  

p o i n t s  ( t o  r educe  n d s e  and t h e  e f f c c t  o f  p i n - h o l e s  i n  t h e  

p h o t o - c a t h o d e )  n e a r  t h e s e  p o s i t i o n s  and ave rages  then ,  S i n c e  

t h e r e  a r e  u s u a l l y  two  p l a c e s  in t h e  image w i t h  t h e  same 

i n c i d e n t  and e m i t t a n c e  ang le ,  a check on t h e  d a t a  i s  

a v a i l a b l e ,  The r e s u l t a n t  t a b l e  o f  v a l u e s  ( u s u a l l y  

no rma l  i t e d  w ,  r a t .  t h e  b r i g h t e s t  i n t e n s i t y )  can he p r i n t e d  and 

t h e  who le  p r o c e s s  r e p e a t e d  a f t e r  mov ing  t h e  1 i g h t - s o u r c e  t o  a 

new p o s i t  i o n  f o r  a new phase a n g l e ,  The p r o g r a m  a c c o u n t s  f o r  

such t h i n g s  as  change I n  i n c i d e n t  1 i g h t  i n t e n s i t y  as t h e  

l i g h t - s o u r c e  g e t s  moved a round .  
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4 . 1  . I  , 3  F I N D I N G  THE C A L I B R A T 1 : O F ; I  S P P E R E :  

T h i s  s u b s e c t i o n  and  t h e  n e x t  d e a l  w i t h  d e t a i l s ,  needed i n  t h e  

p rog ram f o r  measu r i ng  t h e  r e f l e c t  i v  i t y  f u n c t  ion, w h i c h  n a y  

no t  be o f  g e n e r a l  i n t e r e s t ,  

Fo r  good a c c u r a c y  we f i r s t  need t o  know t h e  e x i t  p u p i l  t o  

image p l a n e  d i s t a n c e  ( t h e  f o c a l  l e n g t h  i s  g i v e n ) ,  T h i s  w o u l d  

be easy I f  one c o u l d  focus on t h e  f r o n t  o f  t h e  sphere .  I t  

t u r n s  o u t  t h a t  a s i m p l e  a p p r o x i m a t i o n  w i  1 1  work i n  a few 

i t e r a t  i ons .  A t  each s t e p  one r e c a l c u l a t e s  t h e  e s t i m a t e d  

d i s t a n c e  t o  t h e  edge o f  t h e  sphere,  t h e  e s t i m a t e d  e x i t  p u p i l  

t o  image p l a n e  d i s t a n c e  and t h e  e s t i m a t e d  r a d i u s  o f  t h e  

sphere,  u s i n g  t h e  p r e v i o u s  e s t i m a t e s  and t h e  measured r a d i u s  

o f  t h e  image. 

Nex t  we need t o  f i n d  t h e  e x a c t  c e n t e r  and r a d i u s  o f  t h e  

sphere f r o m  i t s  image c o o r d i n a t e s  and t h e  known d i s t a n c e  t o  

i t s  f r o n t .  F i r s t  c o n s i d e r  h o r i z o n t a l  c o o r d i n a t e s  o n l y ,  

x ,  = f t a n ( a ) ,  x ,  = f t a n ( a + b )  and x 3  = f t a n ( a + 2 b )  

We a r e  g i v e n  x ,  and x 3  and w i s h  t o  c a l c ~ l a t e  x,, which  can be  

done a f t e r  expand ing  t h e  t a n g e n t s ,  
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F igure  30: 

l MAGE 

PLANE 

Determining t h e  exac t  p o s i t i o n  o f  t h e  c a l  i b r a t i o n  

sphere. 

F igure  31 : F ind ing  p o i n t s  f o r  g iven  i n c i d e n t  and emi t tance 

angl es . 
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The same Formu lae  a r e  t h e n  used  t o  f i n d  t h e  v e r t i c a l  p o s i t i o n  

yI. F i n a l l y  we n e e d  t o  f i n d  z,: 

4 . 1  .I .4  FINDING POINTS FOR G I V E N  i A N D  e: 

C l e a r l y  t h e  p o i n t s  f o r  g i v e n  i n c i d e n t  a n g l e  l i e  on a c i r c [ e  

(on  t h e  s u r f a c e  o f  t h e  s p h e r e ) ,  S i m i l a r l y  f o r  p o i n t s  w i t h  a 

g i v e n  e m i t t a n c e  a n g l e .  These  t w o  c i r c l e s  may i n t e r s e c t  i n  

t w o ,  one o r  n o p o . i n t s ,  One can  f i n d  t h i s  i n t e r s e c t i o n  b y  

f i r s t  f i n d i n g  t h e  l i n e  a l o n g  w h i c h  t h e  p t a n e s  c o n t a i n i n p ;  

t h e s e  c i r c l e s  i n t e r s e c t .  Appty inp;  t h e  s i n e  and  c o s i n e  l a w s  

we g e t :  



L e t  I = c o s ( i )  a s u s u a l a n d  D = 1 ~ ~ 1  

D / s i n ( T - i )  = r / s i n ( a )  b = i - a  

The e q u a t i o n  o f  t h e  p l a n e  i n  wh ich  t h e  c i r c l e  o f  p o i n t s  w i t h  

g i v e n  i n c i d e n t  a n g l e  i l i e s  i s :  

One can f i n d  a s i m i l a r  e q u a t i o n  f o r  t h e  p l a n e  i n  which t h e  

c i r c l e  o f  p o i n t  with, g i v e n  e m i t t a n c e  a n g l e  e l i e s .  The 

i n t r o d u c t i o n  o f  an a r b i t r a r y  t h i r d  p l a n e  a l l o w s  us t o  f i n d  

one p o i n t  v on t h e  i n t e r s e c t i o n  o f  t h e  f i r s t  two. The 1 i n e  
N 

o f  i n t e r s e c t  i o n  o f  t h e  f i  r s t  t w o  p l a n e s  must  be p a r a 1  l e l  t o  

t h e  c  ross -p roduc t  o f  t h e  i r normal  s ( l e t  t hen1 be I,, and _vS, 1. 

So t h e  e q u a t i o n  o f  t h e  l i n e  we a r e  l o o k i n g  f o r  i s :  

The p o i n t s  we a r e  t r y i n g  t o  f i n d  mus t  a l s o  l i e  an t h e  sphere,  

I . e . :  
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The above e q u a t i o n  may have n o  s o l u t  Ion f o r  k, i n  wh ich  case  

no p o i n t  e x i s t s  f o r  t h e  g i v e n  i n c i d e n t  and emittancs ang le ,  

O t h e r w i s e  we can use t h e  t w o  s o l u t i o n s  and s u b s t i t u t e  back t o  

o b t a i n  t h e  d e s i  r e d  c o o r d i n a t e s  w h i c h  a r e  t h e n  t r a n s f o r n e d  

i n t o  image c o o r d i n a t e s ,  

4.7 ,l .5 SOME REFLECTIVITY FUNCTIOl.IS: 

The f i r s t  p a i n t  i n v e s t i g a t e d  was a ma t t  w h i t e  p a i n t  

c o n s i s t i n g  o f  p a r t i c l e s  o f  S i O *  and TiO, suspended i n  a 

t ranspa r e n t  base.  Very  r o u g h l y  one f i n d s  t h a t  t h e  

r e f l e c t i v i t y  f u n c t i o n  behaves like c o s ( i )  f o r  a g i v e n  g ,  

A f t e r  p l a y i n g  w i t h  p o l y n o m i a l  f i t s  f o r  a w h i t e ,  t h e  f o l l o w i n g  

f a i r l y  a c c u r a t e  f o r m u l a  was found b y  a p r c c e s s  o f  1 i t t  le 

i n t e r e s t  here :  

N o t e  t h e  appearance o f  t h e  d i s c r i m i n a n t  d i s c u s s e d  i n  an 

e a r l  i e r  s e c t  i on  ( 2 . 1  , 3 ) .  The s y m b o l i c  m a n i p u l a t i o n  p rog ram 



Figure  32: 

T a b l e  o f  r e f l e c t i v i t y  ( f o r  a w h i t e  m a t t  p a i n t )  v e r s u s  

I = c o s ( i )  and  E = c o s ( e 1  f o r  G = c o s ( g 1  = 0.81 . The 

i n t e r v a l s  chosen  c o r r e s p o n d  t o  c o n s t a n t  s i z e  s t e p s  In t h e  

a n g l e s .  N o t e  t h e  b l a n k  a r e a s  f o r  c o m b i n a t  ions o f  a n g l e s  

w h i c h  c a n n o t  f o r m  a s p h e r i c a l  t r i a n g l e  (set s e c t i o n  2,1,3) 



VATHLAti  [ I 3 1  was used  t o  f i n d  t h e  d e r i v a t  i v e s  +,, p E  and +G 

n e e d e d  f o r  t h e  shape - f r om-shad ing  p rogram.  Fo r  ' r easonab le '  

a n g l e s  t h e  above f o r m u l a  i s  ahour 5% a c c u r a t e ,  becoming  worse  

f o r  e x t  rcme a n g l e s .  The r e p ~ a t a b i  1 i t y  o f  t h i s  measureven t  

was d i s a p p o i n t i n g l y  low, dependin,: on t h e  d e p t h  o f  t h e  p a i n t  

c o a t  and t h e  c o n d i t i o n s  o f  i t s  a p p l i c a t  i on .  Fluch o f  t h e  

i n v e s t i g a t i o n  o f  t h e  b e h a v i o r  o f  t h e  i m a g e - d i s s e c t o r  was t h e  

r e s u l t  of e f f o r t s  t o  t r a c e  t h e  r e m a i n i n g  causes  o f  

i n a c c u r a c y .  

Some o t h e r  p a i n t s  and an eggshe1 1 showed a m a t t  component 

s i m i l a r  t o  t h e  above, p l u s  a v e r y  s t r o n g  s p e c u l a r  ccrnponent 

( w h i c h  i s  smal 1 e x c e p t  n e a r  t h e  p o i n t  f o r  w h i c h  i = e  and i + 

e = g). T h i s  component i s  v e r y  s e n s i t i v e  t o  s m a l l  changes i n  

t h e  s u r f a c e  p r o p e r t i e s  such  a s  can  be b r o u g h t  a b o u t  b y  

hand1 i n c  t h e  o b j e c t .  

The  image o f  a convex  o b j e c t  w i t h  such  a s u r f a c e  w i l l  u s u a l l y  

have t w o  l o c a l  maxima i n  i n t e n s i t y ,  One o f  t h e s e  w i  1 1  be 

b r o a d  ( c o r r e s p o n d i n g  t o  t h e  m a t t  component 1, t h e  o t h e r  n a r r o w  

and b r i g h t  ( c o r r e s p o n d i n g  t o  t h e  s p e c u l a r  component 1 ,  These 

may be d i s t i n g u i s h e d  b y  a compu te r  p r c g r a m  on t h e  b a s i s  o f  

j u s t  t h e s e  p r o p e r t i e s ,  I t  w o u l d  t h e n  he p o s s i b l e  t o  s t a r t  a  

s o l u t i o n  f r o m  t h e  m a t t  maximum ( w h i c h  i s  n o t  a g l o b a l  

m a x i m u d  r a t h e r  t h a n  t h e  s p ~ c u l a r  maximum. T h i s  m i g h t  be a  
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g o o d  i d e a  because o f  t h e  increased a c c u r a c y  ( f o r  one t h i n g  

t h e  n o r m a l i z a t i o n  o f  image i n t e n s i t i e s  w o u l d  be more 

a c c u r a t e ) .  

nose - recogn  i t  i o n  program,  a p l a s t e r  n o s e  was 

y ,  c o a t e d  w i t h  t h e  m a t t  p a i n t  d e s c r i b e d  above.  

se was n o t  s u i t a b l e  f o r  the f i n a l  e x p e r l m e n t s ,  

+ f i  

Se 
/ 

1 .  A matt paint. 

2 .  Lambertian ref 

3 .  Skin on nose. 

1 - .  > S 

used 

T h i s  

The 

Figure 33:  Comparison of some ref lect ivi ty functions. 

r e s t r i c t e d  1  i g h t  i n g  c o n d i t  i o n s  d e s c r i b e d  l a t e r  were chosen  

p a r t l y  t o  a v o i d  h a v i n ~  t o  f i n d  t h e  f u l l - f l e g d e c i  f u n c t i o n  o  o f  

t h r e e  a n g l e s  f o r  s k i n .  S i n c e  n o  t r u e  s p h e r e  c o v e r e d w i t h  

s k i n  i s  a v a i l a b l e ,  measurements were t a k e n  o f  t h e  shape o f  a 

r e a  1 nose  and i n t e n s  i t  i e s  i n  an image ( o f  a t r a n s p a r e n c y )  

used t o  e s t  [ m a t e  I , .  I n  t h i s  way  t h e  non-1 i n e a r i t i e s  f 
o f  t h e  p h o t o g r a p h i c  p r o c e s s  ( a n d  t h e y  were  g r e a t )  d i d  n o t  

have t o  be d e t e r m i n e d  s e p a r a t e l y .  The p r o p e r t i e s  o f  s k i n  a r e  
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o f  c o u r s e  n o t  v e r y  un i f o r r i  and a l s o  v a r y  frm p e r s o n  t o  

person,  s o  n o  g r e a t  e f f o r t  t o w a r d  a c c u r a c y  was made. S k i n  

has  a h i g h l y  v a r i a b l e  s p e c u l a r  component, s o  a n y  

no rma l  i r a t  i c n  bad to be done n o t  w . r . t ,  t h e  b r i e h t e s t  p o i n t ,  

b u t  one n e a r b y ,  The r e s u l t a n t  t a b l e  o f  + ( I )  v e r s u s  I 1 i e s  

somewhat b e l o w  t h e  one o b t a i n e d  f r o m  t h e  m a t t  p a i n t  unde r  t h e  

s a m  1 i g h t  i n g  c o n d i t  i o n s .  

4.7 . I  .6 PROPERT I F 3  OF THF I M A G E - D I S S F C T O R :  

I n  an a t t e m p t  t o  t r a c k  down p o o r  r e s u t t s  i n  t h e  f i r s t  t r y  a t  

f i n d i n g  reflectivity f u n c t i o n s  a c c u r a t e l y ,  t h e  image- 

d i s s e c t o r  was i n v e s t i g a t e d  in  s o m  d e t a i l  191. Amongst 

p r o b  lems f o u n d  were :  

I. Unequal  d e f l e c t  Ton s e n s i t  i v  i t y  i n  h o r i z o n t a l  a n d  

v e r t  i c a L  d l  r e c t  i -ons Cd i f f e r e d  b y  7 2 % ) .  

2 .  T w i s t  o f  image v a r y i n g  w i t h  d i s t a n c e  f r o m  c e n t e r  o f  

f i e l d  o f  v i e w ,  

3 .  P o o r  r e s o l u t i o n  ( 3  l i n e - p a i  r s / m  - r a d i u s  o f  t u b e  5 0  

m). 
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Figure 34: Geometric dis tor t ion in image-dissector for a 
tr iangular ras te r  of points covering the photo- 
cathode. (The arrows are  exaggerated 3 times.) 
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4,  P i n h o l e s  i n  t h e  p h o t o - c a t h o d e  ( a b o u t  2 0  o f  up t o  0.5 

mm i n  s i t e ) ,  

5 .  Non-un i f o r m  sens i t  i v  i t y  o f  t h e  p h o t o - c a t P o &  ( v a r i e s  

more t h a n  30%). 

6.  F a i r l y  l o n g  s e t t l i n g  t i m e  o f  t h e  d e f l e c t  i o n  c o i l s .  

7 . A  l a r g e  amount o f  s c a t t e r ,  w h i c h  r educes  t h e  

c o n t r a s t  b y  a l m o s t  o n e - h a l f  and  causes  i n t e n s i t i e s  

measured on t h e  imase o f  a u n i f o r m  squa re  on a d a r k  

b a c k g r o u n d  t o  v a r y  b y  20%, depend ing  on how c l o s e  t o  

t h e  edge t h e  measiwcrnent i s  t aken .  

Some o f  t h e s e  d i f f i c u l t i e s  a r e  i n h e r e n t  i n  t h e  s t a t e - o f - t h e -  

a r t  o f  t h e s e  d e v i c e s ,  o t h e r s  were r e p a i r e d ,  I n  a n y  case, i t  

was p o s s i b l e  now t o  t h i n k  a b o u t  how t o  improve the p rog ram t o  

b e  more i n s e n s i  t i v e  t o  t h e s e  s h o r t c o m i n g s ,  

The p r o g r a m  f o r  f i n d i n g  r e f l e c t i v i t y  f u n c t i o n s  u s i n g  s p h e r e s  

a s  c a l  i b r a t  i o n  o b j e c t s  was s e n s i t i v e  t o  t h e  ( a t  t h a t  t i m e )  

s e v e r e  d e f l e c t i o n  i n a c c u r a c i e s ,  s i n c e  t h e  e m i t t a n c e  a n g l e  

v a r i e s  r a p i d l y  n e a r  t h e  edge o f  t h e  s p h e r e  ( t h i s  e f f e c t  c o u l d  

be r e d u c e d  w i t h  a p a r a b o l i c  t e s t - o b j e c t )  , A c a l  I b r a t  i o n  

t a b l e  was c r e a t e d  b y  a n o t h e r  p r o g r a m  i n  w h i c h  a r e  r e c o r d e d  



t h e  i m a g e - d i s s e c t o r  c o o r d i n a t e s  o f  a r e c t a n g u l a r  r a s t e r  o f  

e q u a l l y  spaced p o i n t s  on t h e  pho to -ca thode ,  A l s o  r e c o r d e d  i s  

t h e  s c n s l t i v i t y  o f  t h e  pho to -ca thode  a t  each  p o i n t ,  A s i m p l e  

i n t e r p o l a t  ion r o u t i n e  can t h e n  be a p p l i e d  t o  c o o r d i n a t e s  sen t  

t o  t h e  i m a g e - d i s s e c t o r  t o  c o u n t e r a c t  t h e  d i s t o r t i o n  and, 

s i m i l a r l y ,  t h e  i n t e n s i t y  v a l u e s  r e t u r n e d  can be c o r r e c t e d ,  A 

more c o n v e n i e n t  t r i a n g u l a r  r a s t e r  o f  p o i n t s  c o v e r i n g  t h e  

whole pbo to -ca thode  was l a t e r  e s t a b l  i shed ,  Ad jus tmen ts  t o  

t h e  i m a g e - d i s s e c t o r  e v e n t u a l  l y  reduced t h e  d i s t o r t  i o n  by  a  

s i g n i f i c a n t  f a c t o r  and use o f  t h i s  t a b l e  was n o  Longer v i t a l ,  

a l t h o u g h  i t  d i d  improve a c c u r a c y ,  

4.1.2 NUMERICAL  METHODS FOR S O L V I N G  THE o.D.E.'s: 

The f i v e  o.D.E's were a t  f i r s t  s o l v e d  u s i n g  a  w e l l  known 

Runge-Kut ta  method 17, page 2 M I .  The  i d e a  i s  t h a t  a t  a 

g i v e n  p o i n t  we can c a l c u l a t e  t h e  d e r i v a t i v e s  o f  t h e  f i v e  

v a r i a b l e s  x ,  y ,  , p and q ' )  w . r , t ,  t h e  p a r a r r e t e r  s .  

Us ing  t h e s e  we t a k e  a h a l f - s t e p  f o r w a r d  ( i n c r e m e n t  s  b y  h / 2  

and  c a l c u l a t e  new v a l u e s  f o r  x' ,  y', r ,  p' and  q' as  though 

d e r i v a t i v e s h i g h c r  t h a n  t h e  f i r s t  where z e r o ) ,  We t h e n  

c a l c u l a t e  t h e  d e r i v a t  i v c s  a t  t h i s  new p o i n t  and  t a k e  t h e  same 

s t e p  (now u s i n g  t h e  new d e r i v a t i v e s ,  w h i c h  w i l l  d i f f e r  

s l i g h t l y  f r o m  t h e  p r e v i o u s  ones ) .  We n e x t  t a k e  a  f u l l  s t e p  
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Figure  35: S t e r e o  p a i r  o f  s o l u t i o n  produced by o l d  SHADE. 
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Figure  36: Same s o l u t i o n  viewed a f t e r  a  s l i g h t  r o t a t i o n .  



( i n c r e m e n t  s by h )  The f i n a l  f u l l  s t e p  i s  t a k e n  us In r :  a 

w e i g h t e d  a v e r a g e  o f  t h e  f o u r  d e r i v a t  l v c s  f ound  i n  t h i s  way.  

Written o u t  in symbo ls  t h i s  becomes: 

L e t  h be  t h e  s t e p - s i z e  ( f o r  t h e  p a r a m e t e r  s )  

0 0 And 1 = ( x  ,y , r  ,p ' ,qO)  

A l s o  l e t  t h e  e q u a t i o n s  f o r  t h e  d e r i v a t i v e s  be: 

Y '  = F ( s , Y )  
U k 

( I n  o u r  case  F is a c t u a l l y  i ndependen t  o f  s )  

Deno te  _Y(s,) by x, t h e n  a t  t h e  n "  s t e p :  

T h i s  method i s  easy  t o  s t a r t  ( r e q u i r e s  no p r e v i o u s  v a l u e s  o f  

Y )  and s t a b l e ,  b u t  r e q u i  r e s  f o u r  t {me-consuming e v a l  u a t  i o n  o f  
rJ 

t h e  d e r i v a t i v e s  p e r  s t e p .  F o r  t h i s  reason  v a r i o u s  p r e d l c t o r -  

m o d i f i e r - c o r r e c t o r  methods 17, page  1 9 4 1  were t r i e d  and t kc! 

s i m p l e s t  was f o u n d  t o  g i v e  adequa te  a c c u r a c y :  



M and  a r e  t h e  p r e d i c t o r ,  m o d i f i e r  and c o r r e c t o r  P, - rr, 

r e s p e c t  i v e  1 y .  T h i s  method i s  s t a b l e  and r e q u i r e s  o n l y  t w o  

d e r i v a t  i v e  e v a l u a t  i o n s  p e r  s tep,  b u t  i s  n o t  s e l f - s t a r t i n g .  

The Rucge-Kut ta  method was r e t a i n e d  f o r  t h e  f i r s t  s t e p  i n  t h e  

i n t e g r a t  i on ,  S t a b i  1 i t y  and a c c u r a c y  were n o t  s e r i o u s  

concerns  s i n c e  t h e  n o i s e  i n  t h e  d a t a  i n p u t  c o n t r i b u t e s  f a r  

more t o  e r r o r s  i n  t h e  s o l u t i o n ,  

4.7.3 A C C U R A C Y  O B T A I N A B L E :  

Under o p t i m a l  c o n d l t  i o n s  ( u s i n g  t be methods d e s c r i b e d  t o  

c a n c e l  o u t  most o f  t h e  d i s t o r t  .im and n o n - u n i f o r m i t y  o f  

p h o t o - c a t  hode sens i t i v  i t  y )  t h e  p r o c r a m  was a1 lowed t o  scan a 

s p h e r c o f  700 mn r a d i u s ,  A s p h e r e w a s  t h e n  f i t t e d b y  an 

i t e r a t i v e  l e a s t - s q u a r e  method t o  t h e  da ta  p o i n t s  found.  T h e  

d a t a  p o i n t s  nowhere d e v i a t e d  f r o m  t h e  f i t t e d  sphere b y  more 

t h a n  70 mm, and b y  l e s s  than  5 mi e x c e p t  n e a r  t h e  v e r y  edge 

o f  t h e  image. Such a c c u r a c y  w i l l  n o t  u s u a l l y  be o b t a i n e d  

because o f  n o n - u n i f o r m i t y  i n  t h e  p a i n t ,  s h o r t c o m h g s  o f  t h e  
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s e n s i n g  d e v i c e  e t c , -  Fo r  nlany p u r p o s e s  however  l e s s  a c c u r a c y  

i s  q u i t e  a c c e p t a b l e  and  f o r  o b j e c t  r e c o g n i t  i o n  i n  n a r t i c u l a r  

a more i m p o r t a n t  c r i t e r i o n  i s  most p r o b a b l y  t h a t  s i m i l a r  

o b j e c t s  a r e  d i s t o r t e d  i n  s h i k r  w a y s ,  

4 , 1  . 4  PROBLEFtS WITH THE SEQUENT I A L  A P P R O A C H :  

I t  soon become a p p a r e n t  t h a t  s o l v f n g ,  t h e  c h a r a c t e r  i s t  i c s  

sequent  i a l  l y  h a d  m m y  d i s a d v a n t a g e s  i n  t h e  g e n e r a l  case,  even 

t h o u g h  It works  we1 1 f o r  l u n a r  t o p o g r a p h y ,  The f i  r s t  reason  

i s  t h a t  as  t h e  c h a r a c t e r i s t i c s  sp read  ou t  f r o m  t h e  s i n g u l a r  

p o i n t ,  t h e y  b e g i n  t o  s e p a r a t e  and l e a v e  l a r g e  p o r t i o n s  o f  t h e  

image unexp lo red ,  o b t a i n  i n g  on 1 y a v e r y  uneven sarnpl i n g  o f  

t h e  s u r f a c e  o f  t h e  o b j e c t  ( T h i s  i s  no  p r o b l e m  f o r  l u n a r  

t o p o g r a p h y  s i n c e  h e r e  t h e  s o l u t i o n  i s  n o t  s t a r t e d  f r o m  t h e  

s i n g u l a r  p o i n t ,  b u t  a t  a p l a c e  where t h e  s p r e a d  o f  t h e  

c h a r a c t e r i s t  i c s  i s  m a 1  1 ) .  

W i t h a  m o r e p a r a l l e l  a p p r o a c h  n e w c h a r a c t e r i s t i c s  can be  

i n t e r p o l a t e d  as  we g o  a l o n g  (and  some d e l e t e d  a s  t h e y  

a p p r o a c h  t o o  c l o s e \ y ) .  

N e x t  we f i n d  t h a t  t h e  base  c h a r a c t e r i s t i c s  ( p r o j e c t i o n s  o f  

t h e  c h a r a c t e r i s t i c s  o n t o  t h e  image) may somet imes c r o s s ,  
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Figure 37: Comparison of spread of character is t ics  for  
typical solutions in case of lunar topography 

and general case. 

T h i s  i s  n o t  p o s s i b l e  i f  t h e  s o l u t i o n  was e x a c t ,  s i n c e  i t  

i n d i c a t e s  t h a t  t h e  s u r f a c e  i s  d o u b l c - v a l u e d  o r  a t  l e a s t  t h a t  

i t s  g r a d i e n t  i s  d o u b l e - v a l u e d .  C h a r a c t e r i s t i c s  may c o n v e r g e  

o r  d i v e r g e  f r o m  a ( s i n g u l a r )  p o i n t  h o w v e r .  C r o s s i n g  o f  

c h a r a c t e r i s t i c s  i s  r e a l  l y  symptoniat i c  o f  a n o t h e r  p r o b l e m  

w h i c h  was t o u c h e d  upon when p r o v i n g  t h e  e q u i v a l e n c e  o f  t h e  

f i v e  0 . D . E e 4 s  t o  t h e  P.D.E. : The d i f f e r e n t i a l  e q u a t i o n s  f o r  

p a n d  q must c o n t i n u e  t o  g i v e  c o n s i s t e n t  r e s u l t s  w i t h  t h e  

s u r f a c e  c a l c u l a t e d  - t h i s  does happen i f  t h e  s o l u t i o n  i s  

e x a c t ,  b u t  c a n n o t  be hoped f o r  w i t h  t h e  c o i s y  d a t a  o b t a i n e d  

f r o m  t h e  image. What one w o u l d  l i k e  t o  do i s  c o n t i n u o u s l y  

m o n i t o r  w h e t h e r  t h e  c u r r e n t  p and q match  w i t h  t h e  s l o p e s  

o b t a i n e d  by f i r s t  d i f f e r e n c e s  f r o m  p o i n t s  on t h e  c u r r e n t  a n d  

n e i g h b o r i n g  c h a r a c t e r i s t i c s .  T h i s  i s  n o t  p o s s i b l e  i f  t h e  

c h a r a c t e r i s t i c s  a r e  s o l v e d  s e p a r a t e l y  and  a r e  s p r e a d i n g  a p a r t  



a s  \ : e l l  , A l a t e r  S C C ~  i o n  ( 4 . 2 . 2 . 1 )  w i l l  e ~ p L i \ i n  a rnettmd 

used t o  c o n t  i n o u s l y  a d j u s t  p a ~ d  q t o  r e r i a i n  c o n s i s t e n t  

( d e r i v e d  f r o m  t h e  n c t h o d  explained e a r l i e r  f o r  f i n d i n g  p 2nd 

q on  t h e  i n i t i a l  c u r v e ) .  

A t  a v e r y  minimum, t o  a v o i d  embarassrn.mt one tvou ld  l i k e  t o  

d e t e c t  t h e n  t w o  c h a r a c t e r  k t :  i c s  app roach  one a n o t h e r  and  s t o p  

one b e f o r e  t h e y  c r o s s ,  T h i s  i s  e a s y  i f  t h e  s o l u t i o n s  a r e  

c a r r i e d  a l o n g  i n  p a r a 1  l c l ,  b u t  i n v o l v e s  l ~ n g t h y  compar ison  

t e s t s  o t h e r w i s e .  

4 . 2  A P R O G R A I I  SOLVING THE C H A R A C T E R I S T I C S  It1 P A R A L L E L  : 

Once i t  had  bccn d e m o n s t r a t e d  t h a t  t h e  e q u a t i o n s  w r e  c o r r e c t  

a n d  a n u m e r i c z l  s o l u t i o n  p o s s i b l e  i t  was d e c i d e d  t o  w r i t e  a 

second  p r o g r a m  w h i c h  w o u l d  sample t h e  s u r f a c e  o f  t h e  o b j e c t  

more e v e n l y  b y  I n t e r p o l a t  i n 6  new c h s r a c t c r i s t  i c s  when needed,  

Less  a t t e n t i o n  was p a i d  t o  a c c u r a c y  i n  t h e  s o t u t i o n  w h i l e  

a t t e m p t i n g  t o  be l e s s  s e n s i t i v e  t o  v a r i o u s  n o i s e - e f f e c t s ,  A t  

t h e  sarnc t i m e  an e f f o r t  to, f i n d  a more c o n v e n i e n t  c o o r d i n a t e  

s y s t e m  p r o d u c e d  t h e  much s h o r t e r  n o t a t i o n  a n d  r e s u l t a n t  

e q u a t i o n s  d e s c r i b e d  i n  c h a p t e r  2 ,  The s o l u t i o n  i s  ach ieved  

b y  t a k i n g  a l l  c h a r a c t e r i s t i c s  one s t e p  f o r w a r d  a t  t h e  s a r e  

t i m c .  



4 , 2 , 1  Tt. i€ B A S I C  DATA STRUCTURE: 

The v a l u e s  s t o r c d  f o r  each  p o i n t  ( x ,  y ,  r ,  intensity, p, q 

a n d  p o i n t e r s  t o  t h e  p r c v i o u s  p o i n t  on t h e  same 

cha rac t - c ! t - i s t  i c )  a r e  he re  arranged n o t  b y  c h a r a c t c r i s t  i c  b u t  

by  ' r i n G 4 .  A r i n g  i s  a c i l r v c  o f  c o n s t a n t  a r c - d i s t a n c e  f r o m  

t h e  s i n g u l a r  p o i n t  - i , e .  t h e  n  tb  p o i n t s  on a l l  t h e  

c h a r a c t e r i s t i c s  fo rm one r i n g  ( a r r a n g e d  i n  c c u n t e r - c I o c k w i s c  

o r d e r  o f  t h e  c o r r e s p o n d i n g  i nage  p o i n t s ) ,  The c o m p l e t e  d a t a -  

s t r u c t u r e  i s  made up o f  a nun t ) c r  o f  r i n g s ,  t h e  f i r s t  o f  w h i c h  

i s  t h e  i n i t i a l  c u r v e .  As b e f o r e ,  i n d i v  i d u a l  c h a r a c t e r i s t i c s  

n a y  s t o p  f o r  s v a r i e t y  o f  reasons ( s . a .  c r o s s i n g  an a n g u l a r  

edge) and  t h i s  causes  b r e a k s  t o  appea r  i n  t h e  c u r r e n t  r i n g .  

The b r e a k  i s  i n d i c a t e d  b y  a p o i n t  h.av i n g  a n e m t i v ~  

I n t e n s i t y ,  t h e  v a l u e  b e i n g  a code  f o r  t h e  cause.  Scme r i n c s  

t h u s  r e p r e s e n t  c l o s e d  c u r v e s  ( e . ~ .  t h e  i n i t i a l  c u r v e )  a n d  

o t h e r s  more d i s t a n t  f r o m  t h e  s i n g u l a r  p o i n t  a r e  b roken  i n t o  

sect i ons ,  t h e  f i n a l  r i n g  h a v i n g  n o  a c t  i v c  p o i n t  on i t  ( i  , p a  

pos i t  i v e  i n t e n s  i t  y )  . Scavenger  r o u t  i n e s  a r e  usua 1 1  y i n voked  

a t  e a c h  s o l u t i o n  s t e p  and amongst o t h e r  t a s k s ,  compress 

s e r i e s  o f  dead p o i n t s  W e .  n e g a t i v e  i n t e n s i t y )  i n t o  one, 

s i n c e  o n l y  one i s  needed t o  n a r k  s b r e a k  i n  t h e  r i n g .  

As we have seen one o f  tilt-! main inducements  f o r  i r s i n ~  t h e  

p a r a 1  [ e l  s o l u t i o n  method  i s  t o  a1 lov! i n t e r p o l a t  I o n  o f  new 



c l m t - x t e r i s t -  i c s  - t h i s  i s  cnc o f  tlic! r e a s o n s  v:hy t h e  numl )w  

o f  p o i n t s  i n  c7 r i n g  may chrtnfir-1 f ~ - - o n  onC t o  t k  n c x t  a n d  wby 

each  p o i n t  has t o  have  a p o i n t c r  i n t o  t h e  p r e v  i o u s  r i n ~ ,  

i n d i c a t i n g  w t i i c h  e l e m m t .  i s  i t s  p r w l c ~ ~ ~ ; s o r  in  t t ~  same 

c h a r a c t e r  i s t  i c .  T h i s  p o i n t e r  i s  - 1  i f  no  p r w  icus  p o i n t  

e x i s t s  k . g .  on t h e  i n i t i a l  c u r v e  0 1 -  t h o  F i r s t  p o i n t  i n  a n  

i n t e r p o l a t e d  c h a r a c t e r  i s t  id, 

Kc! have seen how c h a r a c t e r  i s r  i c s  my be t e r m i n a t e d  calls i n g  a 

b r e a k  i n  t h e  r i n g ;  i t  i s  also p o s s i b l e  f o r  a c h a r a c t e r i s t i c  

t o  d i s a p p e a r ,  w i t h o u t  C ~ L I S ~ ~ I I ;  a b r e a k ,  when two 

c h a r n c t e r i s t  i c s  app roach  t o o  c l o s d y ,  I n  a d d i t  i o n  a b r e a k  

can r e c l o s e  i f  t h e  p o i n t s  on e i t h e r  s i d e  o f  t h e  b r e a k  a r c  

w i t h i n  t h e  s t e p - s  i t e  (and pass  t h e  c r o s s   in^-test e x p  l a  i n e d  

l a t e r ) ,  W i t h  a l l  o f  t h i s  i n  m ind  i t  becomes c l e a r  t h a t  t h e  

d a t a - s t r u c t u r e  can  a t  t i m e s  l o o k  p r e t t y  confused a n d  t b i s  has 

t o  be  remembered when d e f i n i n g  a f u n c t i o n  w h i c h  i n t e r r o g a t e s  

t h e  n e i g h b o r s  o f  a p o i n t  ( s , a .  somc s o r t  o f  d i f f e r e n c e  

a p p p  rox imat  f on ) ,  

I t  was d e c i d e d  t o  use a s  d a t a  o n l y  t h e  c o o r d i n a t e s  a n d  t h e  

s l o p e  a t  each  p o i n t ,  because t h i s  was s u f f i c i e n t  f o r  t k  u s e s  

t o  be made o f  t h e  d a t a  a n d  a l s o  was e a s i t y  a v a i  l a b t e .  F o r  

s o m  u s e s  more c o m p l i c a t e d  s u r f a c e  d e s c r i p t o r s  may be i n  

p l a c e ,  such a s  t h e  r a t  i ona  1 f u n c t i o n  approx  h a t  i ons  f o r  each  



s u r f a c e - s c c t  i o n  d e s c r  i h r d  by Coon [ I  01 . U s u a l l y  t h e  

i n c r e a s e d  c o m p l e x i t y  ir:ip0~3ed b y  such  a p p r m c h  can b e  s i d e -  

s t e p p e d  b y  r a t b e r  u s i n g  a smatlcr step-slzc. t o  o b t a i n  a f i n e r  

g r i d .  

I t  s h o u l d  b c  n o t e d  t h a t  t h e  u s e r  o f  c o n s t a n t  s i z e  s t e p s  a f o n , ~  

t h e  c h a r a c t e r i s t i c s  may p r o d u c e  d i f f  i c i ~ l t  i e s  on complex 

o b j e c t s ,  Fo r  even  w i t h  smooth s t i r f a c e s  t h e  c u r v e s  o f  

c o n s t a n t  a r c - d i s t a n c e  f r o m  t h e  s i n g u l a r  p o i n t  ( t b e  r i n g s )  may 

have cusps ,  T h i s  i n v a t  i d a t e s  t h e  use o f  d i f f e r e n c e  methods 

on p o i n t s  a l o n g  t h e s e  c u r v e s  (s.a, a r e  u s e d  i n  subsect: i o n  

4 . 2 . 2  , I  and 4 , 2 , 2 , 3 ) .  N o  d i f f i c u l t y  was e x p e r i e n c e d  w i t ) .  

i m g e s  o f  t h e  o b j e c t s  we e x p e r i m e n t e d  w i t h .  An a l t c ? r n a t i v e ,  

w h i c h  w o u l d  c i r c u m v e n t  t h i s  p rob lem,  wou ld  be t h e  use  o f  

s t e p s  t r a v e r s  i n g  a c o n s t a n t  i n c remen t  i n  i n t e n s i t y ,  T h i s  

w o u l d  t u r n  t b e  r i n g s  i n t o  c o n t o c ~ r s  o f  c o n s t a n t  i n t e n s i t y ,  

4,2,2 E X T M  PROCESSING POSSIBLE: 

4.2.2 , I  SHARPEFI ING - U P D A T I t d G  P A N D  q:  

We have  a l r e a d y  d e s c r i b e d  how one can  o b t a i n  p ( t )  a n d  q ( t )  on 

t h e  i n i t i a l  c u r v e  by  s o l v i n g  t h e  s e t  o f  n o n - t i n e a r  e q u a t i o n s  

( s u b s e c t i o n  2.3.7): 



I n  t h e  p r o o f  t h a t  t h e  s o l ~ ~ t i o r !  o f  t h e  f i e  o r d i n a r y  

d i f f e r e n t  i a l  e q u a t i o n s  i s  a l s o  a s o 1 u t  i o n  o f  t h e  o r i g i n a l  

p a r t i a l  d i f f e r e n t  i a l  eq i ra t  ion,  i t  was s t a t e d  t h a t  t h e  t w o  

e q u a t i o n s  f o r  P and  q do i n  f a c t  c o n t  h u e  t o  g i v e  t h e  

d e r i v a t i v e s  o f  z w, r . t ,  x and y ,  When s o l v  i n &  a d i f f e r e n c e  

e q u a t i o n  a p p r o x i m a t  i o n  f r on t  n c i s y  d a t a  we can e x p e c t  t h e  

s o l u t i o n  f o r  p and q t o  becore p r o g r e s s i v e 1  y more i n a c c u r a t e ,  

Yet t h e  above p a i r  o f  e q u a t  i ons  must  h o l d  on a n y  p a t h  a l o n g  

t h e  s u r f a c e  o f  t h e  o b j e c t ,  I n  p a r t i c u l a r  one can use t h e m  on 

t h e  c u r v e  d e f i n e d  b y  one r i n g  t o  d e t e r m i n e  v a l u e s  o f  p and q, 

For t h e  i n i t i a l  c u r v e  we h a d  t h e  a d d i t i o n a l  d i f f i c u l t y  t b s t  

t h e  t t ~ o  e q u a t  i o n s  m i g h t  have more t h a n  one s o l u t i o n  and  tvt! 

s e l e c t e d  one on t h e  bas i s  o f  some e x t e r n a l  know ledge  (e.p;, 

t h a t  t he  o b j e c t  i s  convex  n e a r  t h e  s i n g u l a r  p o i n t ) ,  We have 

a l r e a d y  assumed t h a t  t h e  o b j e c t  i s  smooth and t h e r e f o r e  we 

w i  1 1  have f a i  r l y  good v a l u e s  f o r  p and q and  c a n n o t  g e t  i n t o  

t h i s  d i f f i c u l t y  a t  n o n - s i n g u l a r  p o i n t s ,  Even a s i m p l e  

Newton-Raphsen r r e thod  w i l l  s u f f i c e  t o  g e t  us  more a c c u r a t e  

v a l u e s  o f  p a n d  q .  



Then i g n o r i n g  o t h e r  t h a n  f i r s t - o r d e r  t e  rrils we have :  

T h a t  i s :  

Here  x t  and  y t  have t o  be e s t i m a t e d  f r o m  d i f f e r e n c e  

app r o x  in iat  i o n s  , One may n o t  want  t o  a p p l y  t h e  f u l l  

c o r r e c t  i n n  (sp, 6 s ) .  t o r  t han  one i t e r a t i o n  w i l l  n o t  b e  

r e q u i r e d  s i n c e  p a n d  q a r e  v e r y  c l o s e  t o  t h e  c o r r e c t  V ~ ' I ~ U C ? S ~  

4 .2 ,Z  ,2 INTERPOLATION AFJD CROSSING T E S T S :  

When t h e  s e p a r a t i o n  be tween  t w o  neighbor in^ p o i n t s  I n  a r i n g  

becomes g r e a t e r  t h a n  1 . 5  t i n ~ e s  t h e  step s i t e  a l o n g  t h e  

c h a r a c t e r i s t  i c ,  a new c h a r a c t e r i s t  i c  i s  i n t e r p o l a t e d .  I t s  

x ,  y, z ,  p a n d  q  v a l i ~ ~ s  a r e  s e t  t o  t h e  a v e r a g e  o f  i t s  

n e i g h b o r s  w h i l e  t h e  backward  p o i n t e r  i s  s e t  t o  -1 .  A more 



compl i c a t e d  i n t e r p o l a t  i o n  rmt hod  can a l s o  bc! used w h i c h  

c o n s t r u c t s  t h e  1 i n c  o f  i n t e r s e c t  i o n  o f  t h e  ta17;;cnt p l a n e s  a t  

t h e  t w o  n e i g h b o r i n g  p o i n t s ,  It t h e n  f i n d s  t h e  p o i n t  on t h i s  

l i n e  c l o s e s t  tc t h e  ~ L J G  n e i g h b o r s  and  f i n z l l l y  uses a po i i ; t  

h a l f - w a y  between t h e  p o i n t  d e t e r m i n d  p r e v i o u s I y  b y  t h e  

s i m p l e r  method  and t h i s  new p o i n t  ( T h i s ,  f o r  s m a l l  a n g l e s  

be tween  t h e  t a n g e n t  p l a n e s ,  i s  a c c u r a t e  f o r  a s p h e r i c a l  

s u r f a c e ) ,  T h i s  method  does n o t  however  add  s i g n i f i c a n t l y  t o  

t h e  a c c u r a c y  o f  t h e  s o l u t i o n ,  

I f  t w o  n e i g h b o r i n g  p o i n t s  i n  a s e c t  i o n  o f  a r i n g  corw c l o s e r  

t h a n  0.7 t irnes t b e  s t e p - s i t e ,  one i s  d e l e t e d  ( I t  i s  i m p o r t a n t  

t h a t  t h i s  f a c t o r  be l e s s  t h a n  0,75, t b a t  i s ,  one h a l f  o f  th r !  

f a c t o r  used  i n  t h e  i n t e r p o l a t  i o n  d e c i s i o n ,  o r  s u c c e s i v e  r i n g s  

on a f l a t  r e g i o n  w i l l  have p o i n t s  i n t e r p o l a t e d  on one s t m ,  

o n l y  t o  be removed on t h e  n e x t ,  w i t h  consequen t  l o s s  o f  

a c c u r a c y ) .  

F i n a l  l y  one wan ts  t o  s t o p  n e i g h b o r i n g  c h a r a c t e r i s t  i c s  f r o m  

c r o s s i n g  o v e r  e a c h  o t h e r ,  C o n s i d e r  t h e  t w o  p o i n t s  a  a n d  b on 

one r i n g  and  t h e i r  s u c c e s s o r s  c  a n d  d on t h e  n e x t ,  T h e  t e s t  

cons  l s t s  o f  c h e c k i n g  w h e t h e r  c  i s  t o  t h e  l e f t  o f  t h e  d i r e c t e d  

l i n e  t h r o u g h  b d  a n d  w b e t h e r  d i s  t o  t h e  r i g h t  o f  t h e  d i r e c t e d  

l i n e  t h r o u g h  ac  ( B o t h  t e s t s  a r e  needed ) .  I f  e i t h e r  f a i l s ,  

t h e  c o r r e s p o n d i n g  c h a r a c t e r  i s t  i c  i s  t e r m i n a t e d ,  caus i ng  a 
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Figure  38: The f o u r  p o i n t s  used i n  t h e  c ross ing  t e s t .  

F igure  39: The f i v e  neighbors used i n  de te rmin ing  the  

i n t e n s i t y  g r a d i e n t  a t  P. 

F igure  40: Covering t he  image w i t h  t he  r a s t e r s  o f  p o i n t s  

read f o r  each s o l u t i o n  p o i n t .  



b r e a k  t o  appea r  i n  t h e  r inp;  a t  t h a t  p o i n t ,  Thr, t e s t  i s  

e q u i v a l e n t  t o  c h e c k i n g  tvhet t le r  t h e  1 i n c  segmt?nt c d  f a l l s  i n  

f r o n t  o f  t h e  I inc? segment ab (and docs n o t  c r o s s  i t ) ,  T h i s  

t e s t  i s  app!  i e d  a c r o s s  s h ~ r t  b r m k s  i n  r i n g s  2 s  LICI 1, t o  s t o p  

n e i & h O o r s i n g  s e c t i o n  o f  t h e  r i n g  f r o m  c r o s s i n g  o v e r  each 

o t h e r ,  

Care has  t o  be t a k e n  i f  t h e  s e c t i o n s  o f  a r i n g  l e f t  a l l  f a l  I 

on one s i d e  o f  t h e  s i n g u t a r  p o i n t ,  s i n c e  t h e  bre;!k t h e n  

a c t u a l l y  encompasses an a r c  o f  more t h a n  TT a n d  c r o s s i n g  t e s t s  

app 1 i e d  a c r o s s  i t  w i l l  i n v a r i a b l e  t c r m i n n t ~  p o r e  

c h a r a c t e r i s t i c s  on e i t h e r  s i d c  o f  i t ,  T h i s  can be a v o i d e d  i f  

t h e  c r o s s i n g  t e s t  i s  n o t  a p p l i e d  t o  p o i n t s  whose images f a l l  

t o o  f a r  a p a r t  ( i n  t e r m s  o f  t h e  projection o f  t h e  c u r r e n t  

s t e p - s  i ze 1, 

OBTA IN ING G O O D  I N T E N S  ITY GRADIEPJTS : 

To be more no ise- immune t h a n  t h e  p r e v i o u s  program, a  b e t t e r  

way had t o  bc! f o u n d  t o  o b t a i n  i n t e n s i t y  p ; rad ic !n ts ,  R a t h e r  

t h a n  use t b e  i n t e n s  i t  i e s  a t  a m a 1  1 r a s t e r  o f  p o i n t s  t o  

e s t  h a t e  t h e  l o c a l  g r a d i e n t ,  i t  was d e c i d e d  t o  use a 

d i f f e r e n c e  a p p r o x i m a t i o n  f r o m  i n t e n s i t i e s  measured a t  

n e i g h b o r i n g  p o i n t s ,  U s i n g  a s  many a s  p o s s i b l e  o f  t h e  



i n t e n s i t i e s  o f  t h e  p o i n t  I t s e l f  a n d  i t s  f i v e  : ! m e d i a t e  

n e i g h b o r s ,  we can a p p l y  a s i m p l e  l e a s t - s q u a r e s  r c t h o d  t o  

e s t i m a t e  the  g r a d i e n t ,  S o m  o f  t b e  p o i n t s  may n o t  e x i s t  as 

e x p l a i n e d  previously a n d  t b e  c h a r a c t ~ r i s t i c  i s  t e r m i n a t e d  i f  

l e s s  t h a n  t h r e e  p o i n t s  a r e  a v a i l a b l e  o r  o n l y  t h r e e  wh ich  a r e  

n c a r l y c o l i n e a r ,  Suppose t h e  c o o r d i n a t e s  o f  t h e  p o i n t s  a r e  

(xC,y;) ( image  c o o r d i n a t e  s y s t e m )  and t h e  i n t e n s  i t  i e s  a r e  bK. 

We w i s h  t o  f i n d  b, , b,) and  b y , ,  t o  rn ln imizr !  t h e  f a l l o w i n g  

exp r e s s  i on : 

T h i s  happens when: 

F r o m  b p  and  b y ,  we can f i n d  b,, b ,, a n d  b, b y  us i n5  t h e  

camera p r o j e c t  i o n  equa t  ions  o f  an e a r l  l e r  s e c t  i o n  ( 2 . 7 ) .  

For g o o d  n o i s e - i m m u n i t y  and some a b i  1 i t y  t o  d e t e c t  s u r f a c e  

d e t a i l  i n d i c a t i n g  t h a t  t h e  s o l u t i o n  i s  i n v a l  i d ,  t h e  i n t e n s i t y  

f o r  each  s o l u t  i o n  p o i n t  I s  n o t  r e a d  f r o m  on 1 y one image 

p o i n t ,  S m a l l  t i l t e d  r e c t a n g u l a r  r a s t e r s  o f  p o i n t s  a r e  



e s t a b l  i s h e d  a r o m d  each  PO i n t  o f  t h e  s o l u t  i o n .  The  one ax i s  

o f  t h e  r e c t a n g l e  i s  p a r a t  l e t  t o  tbr4 hasp  c h a r a c t - e r i s t i c  a t  

t h a t  p o i n t ,  and  t h e  s i z e  i s  a d j u s t e d  t o  c o r r e s p o n d  c o  t h e  

p r o j e c t  i o n  on t h e  i ~ i r g ~ !  o f  a square on t h e  o b j e c t  o f  s i d e -  

l e n g t h  e q u a l  t o  t h e  s t e p - s i z c .  The i n t e n s i t y  rccordc-d  f o r  a 

so1 .u t i on  p o i n t  i s  t h e  ave raEe  o f  t h e  i n t e n s i t i e s  r ead  f o r  t h e  

p o i n t s  i n  t h i s  r a s t e r  and t h e  r . rn .s , /avera ,~e  i s  used  t o  make 

t h e  e d g e - c r o s s i n g  d e c i s i o n ,  The r a s t c t - s  o f  a l l  t h e  p o i n t s  i n  

t h e  d a t a - s t r u c t u r e  a l m o s t ,  b u t  n o t  q u i t e ,  t o u c h  and t a k e n  

t o g e t h e r  a l m o s t  c o v e r  t h e  t o t a i  a r e a  o f  t h e  h a z e  e x p l o r e d .  

T h i s  i n s u r e s  t h a t  t h e  d a t a  I s  n o t  much a f f e c t e d  by  p i n - h o l e s  

i n  t h e  p h o t o - c a t h o d e  o f  t h e  i m a g e - d i s s e c t o r  and  t h a t  edce 

c r o s s i n g  can e a s i l y  be de tec ted ,  w i t h o u t  r e d u c i n g  t h e  

r e s o l u t  i o n .  

Both t h i s  p r o g r a m  a n d  t h e  one d i s c u s s e d  i n  s e c t i o n  4 . 1  spend 

more t h a n  h a l f  t h e i r  t l m e  a c c e s s i n g  t h e  i m a g e - d i s s e c t o r .  

Between 2 0  and 1 0 0  i n t e n s  i t  i e s  a r e  r e a d  f o r  each p o i n t  I n  t h e  

s o I u t i o n ,  a n d  each  a c c e s s  t a k e s  a b o u t  , 2  t o  7.0 m i l l i -  

seconds.  A c o m p l e t e  s o l u t  ion  r e q u i r e s  f r om  7 t o  5 m i n u t e s  

o f  r e a l  t i m e .  



4 , 2 . 3  P, D O Z E R  RE/\SO:\JS TO TERI;lINATE A CHARPCITRISTXC: 

T h i s  i s  a good  p l a c e  t o  summarize t h e  r e a s o n s  f o r  t e r n i i n a t i n q  

t h e  c h a r c 7 c t e r i s t i c s ,  T h e v a l u e s  p r i n t e d  n e a r  t h e  end  o f  a 

c h a r a c t e r i s t i c  ( d e r i v e d  f r o m  t h e  n e g a t  i v e  i n t e n s i t y  code 

d i s c u s s e d  e a r l i e r )  c a n  b e  used  t o  i n d e x  t h i s  t a b l e .  

I. The c h a r a c t e r i s t i c  has moved o u t  o f  t h e  f i e l d  o f  v i e w  

o f  t h e  i m a g e - d i s s e c t o r ,  

2 ,  The r .m.s . /average f o r  t h e  i n t e n s i t i e s  r ead  i n  t h e  

r a s t e r  has become t o o  g r e a t ,  I n d i c a t i n g  o v e r l a p  o f  t w o  

o b j e c t s  o r  an a n g u l a r  j o i n t  on one o b j e c t  o r  some 

s u r f a c e  d e t a i l  t h a t  I s  b e i n g  m issed ,  

3 ,  The i n t e n s i t y  has  becanc t o o  low, I n d i c a t i n g  a shadow 

r e g i o n ,  

4 ,  i s  t o o  l a r g e ,  i n d i c a t  ing a p p r o a c h  t o  e i t h e r  a n o t h e r  

s i n g u l a r  p o i n t  o r  an a m b i g u i t y  edge.  

5 .  T h e r e  a r e  t o o  f ew  n e i g h b o r s  t o  c o n s t r u c t  a good  

e s t  h a t e  o f  t h e  l o c a l  i n t e n s i t y  g a r d i c n t .  
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6.  w i s  t o o  s m a l l .  W i s  t h e  J a c o b i a n  o f  t h e  i m ~ e  

t r a n s f o r m a t  i o n  f rom t x  a n d  t y  t o  r , ~  a n d  t , ~ ,  T h i s  

t r a n s f o r r n  becomes s i n g u l a r  when O( = 0. I n  most  c a s e s  E 

w i l l  become t o o  s ~ a l l  b e f o r e  t h i s  h a p p e n s .  

7 .  A new p o i n t  was i n t e r p o l a t e d  b u t  b o t h  i t s  n e i g h b o r s  

were t e r m i n a t e d  b e f o r e  i t  could E e t  anywhere.  

b. I t o o  s m a l l  - i n d i c a t i n g  approach  t o  a shadow edge. 

9 .  E t o o  s m a l l  - i n d i c a t i n g  app roach  t o  an edge o f  t h e  

o b j e c t .  

10. T h i s  c h a r a c t e r i s t i c  c r o s s e d  o v e r  a n e i g h b o r i n g  one. 

11. I t  was d i s c o v e r e d  t h a t  t h i s  p o i n t  has a backward  

p o i n t e r  t o  a n o n a c t  i v e  p o i n t ,  Th  i s  i s  r e a l  l y  an e r r o r  

c o n d i t  i o n  a n d  s h o u l d n ' t  n o r m a l  l y  happen. 

1 2 .  Thc i n t e n s i t y  i s  e q u a l  t o  o r  g r e a t e r  t h a n  t h a t  measured 

a t  t h e  s i n g u l a r  p o i n t ,  i n d i c a t i n g  a n o t h e r  s i n g u l a r  

p o i n t  o r  a m b i g u i t y  edge, 

N o t e  t h a t  s e v e r a l  o f  t h e s e  c o n d i t i o n s  a r c  r edundan t  t o  e n s u r e  

t h a t  even  w i t h  an i n e x a c t  solilt  i o n  a t  l e a s t  one w l  l l  f a i  1 a t  



t h e  r i g h t  p l a c e ,  

4 . 2  ,4 OPERA'J  I O N  O F  THE PROGHAl.1: 

4 . 2 . 4  , I  THE I N T E G R A T I O N  PROCESS 

F i  r s t  t h e  p r o g r a m  needs  t o  be g i v e n  such  p a r a m e t e r s  as t h e  

p o s i t  i o n  o f  t h e  1 i g h t - s o u r c e ,  t h e  d i s t a n c e  t o  t h e  o b j e c t ,  

f o c a l  l e n g t h  o f  t h e  l e n s  and  t h e  s t e p - s i z e  t o  be used  i n  t h e  

i n t e g r a t  i o n ,  I t  t h e n  p r o c e e d s  t o  f i n d  a p o i n t  o f  maximum 

i n t c n s  i t y  ( f o r  some r e f l e c t i v i t y  f u n c t i o n s  one needs t o  

s c a r c h  f o r  a rnin i m u i d ,  T h i s  s e a r c h  can be d i  r e c t c d  t o  a [  low 

a c h o i c e  o f  one o f  s e v e r a l  p o s s i b l e  maxima, The p r o g r a m  t h e n  

assumes t h a t  t h i s  p o i n t  o f  maximum I n t e n s i t y  i s  a s i n r ; u l a r  

p o i n t  and  t h a t  t h e  o b j e c t  i s  convex a t  t h i s  p o i n t  ( i n  some 

cases  we w o u l d  1 i k e  t o  assume i t  t o  be  c o n c a v e ) ,  A f t e r  

c o n s t r u c t i n g  an i n i t i a l  c u r v e  ( a  m a l l  c i r c l e )  a r o ~ l n d  t h e  

s i n g u l a r  p o i n t ,  i t  p roceeds  t o  r e a d  t h e  i n t e n s i t i e s  a t  t h e  

c o r r e s p o n d i n g  image p o i n t s ,  T h e  non-1 i n c a r  e q u a t i o n s  f o r  p 

a n d  q on t h i s  c u r v e  a r e  t h e n  s o l v e d  i t e r a t i v e l y ,  

A 1 1  i n t e n s i t i e s  a r e  n o r m a l i z e d  w,r,t, t bc !  intensity a t  t h e  

s i n g u l a r  p o i n t  u n l e s s  t h e  s u r f a c e  h a s  a s p w u l a r  conponen t ,  

I n  t h e  l a t t e r  case,  t h e  i n t e n s i t i e s  on t k  i n i t i a l  c u r v e  a r e  



FIGURE 41A 

FIGURE 



Figures 42 A, 8, C: S te reo-pa i rs  o f  s o l u t i o n s  produced by 

new SHADE f o r  disc-shaped, sphe r i ca l  and bu l le t -shaped 

ob jec t s  ( ac tua l  l y  spheres w i t h  make-up appl i e d )  . 
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Figures 43 A ,  B, C :  Stereo-pairs of same solutions as in 

previous figures, rotated 90'. 
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used t o  e s t a b  t i s h  a norma l  i z a t  i on  v a l u e  (The specular 

r e f l e c t i v i t y  i s  t o o  v a r i a b t e  f o r  use i n  no rma l  i t a t  i o n ) ,  I t  

i s  assumed t h a t  t h e  i n i t  i a  t c u r v e  has been ct-osen l a r g e  

enough f s  f a t  1 o u t s i d e  t h e  r e g i o n  o f  s t r o n g  s p e c u l a r  

r e f l e c t  i o n .  

For  each s t e p  i n  t h e  p a r a m e t e r  s ,  t h e  f o l l o w i n g  p r o c e d u r e  i s  

t h e n  c a r r i e d  o u t :  

I. For  each p o i n t  c a l c u t a t e  t h e  no rma l  ( n ) ,  t h e  i n c i d e n t  
w 

v e c t o r  (r; 1 and t h e  e r n i t t a n c e  v e c t o r  ( r, 1, Frow t h e s e  
yv h 

o b t a i n  t h e  d e r i v a t  i v e s  I,, E, and G , .  
H LY ry 

2 .  C a l c u l a t e  iz, jE, and hence .. ow 
3 .  Then o b t a i n  Fp, Fq and 1. 

4 .  ~ d d  (dx, 6y, b z )  t o  (x,y, t )  t o  g e t  t h e  p o i n t  on t h e  n e x t  

r i n g  f o r  each c h a r a c t e r i s t i c .  H e r e  ( S x ,  6y ,  s t )  = 

x u p ,  Fq, p F p + q F 9 ) .  

5 .  I n t e r p o t a t e  new p o i n t s  where  t h e  p o i n t s  i n  t h e  new r i n g  

a r e  t o o  f a r  a p a r t  and d e l e t e  p o i n t s  where t h e y  a r e  t o o  

c l o s e  t o g e t  her .  Produce b r e a k s  where c h a r a c t e r i s t i c s  

have c r o s s e d  o v e r  a d j a c e n t  c h a r a c t e r i s t i c s ,  



Pace 1 6 0  

6.  Now r e a d  t h e  i n t e n s i t i e s  f o r  a l l  t h e  p o i n t s .  T e r m i n a t e  

t h o s e  c h a r a c t e r i s t i c s  w i t h  p o i n t s  o f  v e r y  l o w  i n t e n s i t y  

o r  h i g h  r ,m,s /average.  

7. C a l c u l a t e  b,,, b y )  f o r  a l l  t h o s e  p o i n t s  f o r  w h i c h  enough 

n e i g h b o r s  e x i s t .  Fron, t h e s e  v a l u e s  o b t a i n  b F ,  b y  a n d  bz 

by t h e  p r o j e c t  i o n  e q u a t i o n s .  

8 .  Now use n, _ri  and _re t o  c a l c u l a t e  IF, E, and G,. 
N h r Ir 

9.  N e x t  use  +=, 6 ,  and  tG t o  c a l c u l a t e  f,. 
N 

1 0 .  Then o b t a i n  F,, F, and  Fzo 

11. Add (6p, & a )  t o  ( p , q )  t o  o b t a i n  p a n d  q f o r  t h e  

u n i n t e r p o l a t e d  p o i n t s  on t h e  new r i n g .  Here t b p , 6 q )  = 

XC (-FX-pF2 1, (-FYoqFt 1 . 

1 2 .  I n t e r p o l a t e  p a n d  q f o r  t h e  new p o i n t s .  

1 3 .  Sharpen  up t h e  v a l u e s  f o r  p a n d  q on a l l  p o i n t s  i n  t h e  

new r i n g .  

14.  Ga rbage -co l  l e c t  v a r i o u s  i tems, s-uch a s  s e r  i c s  o f  p o i n t s  

w i t h  n e g a t  i v e  i n t e n s  l t y .  



1 5 ,  S t o p  i f  n o  p o i n t s  w i t h  p o s i t  i v c  i n t e n s i t y  rema in .  

I t  st-rould bc! a p p a r e n t  where t h e  v a r i c u s  t e s t s  f o r  t e r m i n a t i n g  

t h e  c t m r a c t e r i s t i c s  f i t  i n t o  t h e  above sctwma, The s impLe 

E u l e r  method  f o r  s o l v i n g  t h e  d i f f e r e n t  i a l  e q u a t i o n s  c o u l d  be 

r e p l a c c d  by  a Runge-Ku t ta  method w i t h  i n c r e a s e s  in runn   in^ 

t i m e  o f  a f a c t o r  o f  two, b u t  1 i t t l e  improvement in a c c u r a c y ,  

The s h a r p e n i n g  method, on t h e  o t h e r  hand, i s  v e r y  cheap a n d  

c o n t r i b u t e s  s u b s t a n t  i a  l l y  t o  a c c u r a c y ,  

4 . 2 , 4 . 2  OTHER PROCESSIPJG A V A I L A B L E  

As e x p l a i n e d  b e f o r e ,  t h e  d a t a - s t r u c t u r e  i s  d i s p l a y e d  a s  i t i s  

g e n e r a t e d  and can a l s o  be v i e w e d  f r o m  d i f f e r e n t  a n g l e s  when 

c o m p l e t e d ,  I n  a d d i t i o n a  mode e x i s t s w b c r c  t h c r n a p p i n c  f r o m  

t h r e e - s p a c e  t o  t h e  d i s p l a y  s u r f a c c  i s  n o t  p e r f o r m e d  b y  t h e  

p r o j e c t i o n  e x p l a i n e d  e a r l i e r ,  b u t  a s i m p l e  map f ro rn  a 

r e c t a n g u l a r  a r e a  on t h e  i m a g e - d i s s e c t o r  t o  a r e c t a n g u l a r  a r e a  

on t h e  d i s p l a y  s u r f a c c ,  T h i s  i s  p u t  i c u t a r l y  v a l u a b l e  f o r  

o v e r l a y i n g  t h e  s o l u t i o n  on an i n t e n s i t y  m o d u l a t e d  d i s p l a y  o f  

what a p p e a r s  i n  t h e  image. T h i s  a i d s  g r e a t l y  i n  debugg ing  

s i n c e  i t  i s  easy  t o  p i n p o i n t  such  p rob lems  a s  s t a r t i n g  t b e  

s o l u t i o n  f r o m  an i n a p p r o p r i a t e  m a x i ~ u r n  i n  i n t c n s i t y .  



A number o f  o t h e r  d i s p l a y s  can  be p r o d u c c d  t o  a i d  i n  set tin^ 

up t h e  i m a g e - d i s s e c t o r .  Prod i .~r ,ous amounts o f  d e t a i  l e d  p r i n t -  

o u t  can  be generated d u r i n g  a s o l u t  i c n  p r o c e s s  and  a more 

p a r s i m o n i o u s  1 i s t  i n g  o f  t h e  f i n a l  d a t z  i s  a v a i  l a b l e ,  I t  i s  

p o s s i b l e  t o  s u b s t  i t u t e  s y n t h e t i c  d a t a  ( w i t h  s e l e c t a b l e  

amounts  o f  n o i s e )  f o r  t h e  i m a g e - d i s s e c t o r  i n p u t  a s  a 

r e p e a t a b l e  way o f  c h e c k i n g  o u t  t h e  p rogram and t o  t i d e  o v e r  

I t h o s e  days  when t h e  i m a g e - d i s s e c t  o r  i s  b e i n g  r e p a i  r ed ,  The 

d a t a  can  be w r i t t e n  t o  and  r e a d  f r o m  t k e  d i s k  and  tape,' 

The s t e r e o s c o p i c  d i s p l a y  has t o  he v i e w e d  w i t h  an a p p r o p r i a t e  

p a i r  o f  l e n s e s  w h i c h  a r e  n o t  a l w a y s  handy,  F o r  t h i s  reason  a 

r o u t i n e  was p r o v i d e d  w h i c h  p r o d u c e s  a c o n t o u r  map f r o m  t h e  

d a t a ,  T h i s  map i s  p roduced  by  f i r s t  list in^ t h e  

i n t e r s e c t  i o n s  o f  a1 l t h e  1 i n e s  I n  t h e  d a t a  s t r u c t u r e  ( f r o m  

p o i n t  t o  p o i n t  i n  each  c h a r a c t e r i s t i c ,  as  w e l l  as  f r o m  p o i n t  

t o  p o i n t  i n  each  r i n g )  w i t h  t h e  s e l e c t e d  c o n t o u r  p l a n e s ,  The 

i n t e r s e c t  i o n s  a r e  t h e n  s o r t e d  on c o n t o u r  p l a n e ,  b l i t h i n  e a c h  

c o n t o u r  p l a n e  t h e  follow in^; p r o c e s s  i s  a p p l  l e d  r e p e a t e d l y  

u n t  i I n o  p o i n t s  a r e  l e f t :  

P i c k '  a p o i n t  and  f i n d  t h e  c l o s e s t  n e i g h b o r  w i t h i n  a 

' reasonab le' d i s t a n c e .  ' ~ e a s o n a b  l e '  d i s t a n c e  i s  d e f i n e d  

t o  be 1.5 t i m e s  t h e  s t e p - s i t e  used  i n  t h e  s o l u t i o n ,  Now 

a n o t h e r  p o i n t  i s  s e l e c t e d  c l o s e s t  t o  t h e  new p o i n t  a l s o  



w i t h i n  a r e a s o n a b l e  d i s t a n c e  a n d  so  on u n t  i 1 n o  more can 

be found, The p o i n t  chosen  a t  each  s t e p  may n o t  be  t h e  

f i r s t  i n  t h e  c h a i n  s o  c o n s t r u c t e d  ( w h i c h  v m ~ l c i  c l o s e  t h e  

l o o p )  u n l e s s  n o  o t h e r  p o i n t s  a r e  a v a i l a b l e ,  A l s o  t h e  

1 ine-segment  s connec t  i ng  sucess  i v e  p o i n t s  may n o t  make 

a n g l e s  o f  more t h a n  n / 2  w i t h  one a n o t h e r ,  The p o i n t s  

a r e  removed f r o m  t h e  d a t a  as  t h e y  a r c  u s e d  i n  g e n e r a t i n g  

t h e  c o n t o u r  e x c e p t  t h e  v e r y  f i r s t  p o i n t  ( t o  a l l o w  f o r  

t h e  e v e n t u a l i t y  o f  c l o s i n g  t h e  c o n t o u r ) ,  

T h e  d i s t a n c e s  a r e  u s u a l l y  w e i g h t e d  w i t h  t h e  d o t - p r o d u c t  o f  

t h e  new segrnmt  w i t h  t h e  p r e v  i o u s  segment, t o  g i v e  p r e f e r e n c e  

t o  c o n t i n u a t  i o n  o f  c o n t o u r s  i n  t h e  d i r e c t  i o n  o f  t h e  l a s t  

segment used,  T h e  method  g e n e r a t e s  g o o d  c o n t o u r s  where t h e  

d a t a  i s  c o m p l e t e  a n d  smooth, a n d  does f a i r l y  w e l l  o t h e r w i s e ,  

4 . 2 . 5  INSENSITIVITY TO INPE RFECT IONS IN THE SENSOR:  

T h i s  p r o g r a m  i s  n o t  q u i t e  a s  a c c u r a t e  a s  t h e  one t h a t  s o l v e s  

t h e  c h a r a c t e r i s t i c s  s e - r i a l l y  ( m o s t l y  because  o f  t h e  s i w p l c  

method f o r  s o l v i n g  t h e  d i f f e r e n t i a l  e q t ~ a t  i o n s  n u m e r i c a l  1 y ) ,  

b u t  v a s t l y  s u p e r i o r  i n  i t s  b e h a v i o r  when f a c e d  w i t h  n o i s y  

d a t a ,  Most o f  t h e  improvement  i s  due t o  t h e  b e t t e r  way o f  

o b t a  i n l n g  i n t e n s i t y  g r a d i e n t s  and t o  t h e  use o f  t h e  l a t e r a l  
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Figures 47 and 48: S te reo-pa i rs  o f  s o l u t i o n s  ob ta ined  f o r  

t he  p l a s t e r  o b j e c t  and t h e  cube w i t h  ro,unded corners .  
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F i g u r e  49: S t e r e o - p a i r  o f  s ide -v iew o f  s o l u t i o n  o b t a i n e d  

f o r  t h e  p l a s t e r  o b j e c t .  





c o n n e c t  i o n  be tween  t h e  cha  r a c t e r i s t  i c s ,  The d i f f e r e n c e  

a p p r o x i m a t  i o n  f o r  t h e  i n t e n s i t y  g r a d i e n t s  uses  a s u p p o r t  a r e a  

a b o u t  s i x  t i m e s  a s  l a r g e  a s  t h e  one used  b y  t h e  l e a s t  s q u a r e s  

a p p r o x  imet i o n  o f  t be f i r s t  p rogram,  

D i s t o r t  i o n s  i n  t h e  imag ing  dev i c e  'rre r e  1 y' p r o d u c e  

d i s t o r t i o n s  i n  x a n d  y ,  w h i l e  n o n - u n i f o r m i t i e s  i n  t h e  

s e n s i t i v i t y  w i l l  a f f e c t  p a n d  q a n d  hence t, The o n l y  e f f e c t  

o f  l o w  r e s o l  u t  i o n  w i  1 1  be t h a t  some edges w i  l 1 n o t  be n o t  i c e d  

a n d  t h e  s o l  u t  i o n  ~ r r o n e o u s l y  c o n t  i n u e d  a c r o s s  them, 

4 , 3  A N O S E - R E C O G N I T I O N  PROGRAFI :  

T o  i 1  l u s t r a t e  one use  o f  t h e  s h a p e - f r o m - s h a d i n g  method, i t  

was a p p l i e d  t o a  s i m p l e  r e c o g n i t i o n  t a s k ,  A l t h o u g h  t h e r e  i s  

g r e a t  i n t e r e s t  i n  f a c e - r e c o g n i t  i o n  1721 ( p a r t l y  because  t h e r e  

i s  a p r a c t i c a l  use  f o r  i t ) ,  i t  was d e c i d e d  t o  t a c k l e  a sub- 

p r o b l e m  - t h a t  o f  n o s e - r e c o g n i t i o n ,  I n  p r i n c i p l e ,  f ace -  

recogn  i t  i o n  c o u l d  be c a r r i e d  out by  r e p e a t  ing t h e  p r o c e s s  

e x p l a i n e d  h e r e  f o r  n o t  o n l y  t h e  nose, b u t  t h e  c h i n ,  f o r e b e a d  

a n d t h e  t w o  checks ,  T r a n s p a r e n c i e s  o f  noses,  r a t h e r  t h a n  

r e a l  noses  were used  because  t h e y  a r e  a lways  r e a d y  a n d  do n o t  

move d u r i n g  t h e  m i n u t e  o r  s o  i t  t a k e s  t o  d e t e r m i n e  t h e  shape, 

T o  a v o i d  h a v i n g  t o  d e t e r m i n e  t h e  r e f l e c t i v i t y  f u n c t i o n  f o r  



s k i n  as a f u n c t i o n  o f  a l l  t h r e e  anp,lcs, s p e c i a l  l i g h t i n g  

c o n d i t i o n s  were e m l o y e d ,  The 1 i g h t - s o u r c e  was p l a c e d  n e a r  

t h e  car: iera a n d  t h e  r e f l e c t i v i t y  f u n c t  i o n  a s  a  f u n c t i o n  o f  t h e  

i n c i d e n t  a n g l e  determined f rcjn t h e  t r -ansparenc l e s  t a k e n ,  

T h i s  meant t h a t  no s e p a r a t e  d e t e r m i n a t i o n  o f  t h e  non- 

I i n e a r i t  i e s  i n  t h e  p h o t o g r a p h i c  p r o c e s s  was needed, 

4 , 3 , 1  I4ODIFICATIO~.IS TO THE B A S I C  PROGRAK REQUIRED: 

A f e w  m i n o r  changes a n d  a d d i t  i o n s  h a d  t o  be i n s t a l  l e d  i n  t h e  

ma in  p r o g r a m  f o r  t h i s  t a s k ,  b lost  p r o m i n e n t  amongst t h e s e  i s  

t h e  p r o c e d u r e  used  t o  n o r m a l  i t e  t h e  i n t e n s i t  i e s  rca'd frclni t h e  

image.  Because o f  t h e  s t r o n g  s p e c u l a r  component o f  h i g h l y  

v a r i a b l e  n a t u r e ,  t h e  s i n g u l a r  p o i n t  c o u l d  n o t  be used  f o r  

t h  i s  n o r m a l  i z a t  i o n ,  The s p e c u l a r  component in  t h e  

t r a n s p a r e n c i e s  n o t  o n l y  v a r i e s  f r o m  p e r s o n  t o  p e r s o n  a n d  t i m e  

t o  t i m e  b u t  depends on t h e  exposu re  used, s i n c e  i t  u s u a l l y  i s  

b r i g h t  enough t o  s a t u r a t e  t h e  f i  lm, Normal  i t a t  I on  was t h u s  

c a r r i e d  o u t  w, r.t, an i n t e n s i t y  d e r i v e d  f r o m  t h a t  n ~ e a s u r e d  on 

t h e  i n i t i a l ,  cu r ve ,  w h i c h  was assunted t o  be o u t s i d e  t h c  

s p e c u l a r  r e g i o n ,  
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F igu re  52: S o l u t i o n  ob ta ined  f o r  a nose. 

Note gaps l e f t  by t he  breaks caused by 

t he  n o s t r i l s .  
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Figure  53: Contour map of s o l u t i o n  ob ta ined  f o r  a nose.  
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Fiqure 54: Four views o f  s o l u t i o n  obtained f o r  a nose. 

(With some hidden 1 i nes e l  i m i  nated) . 
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Figure  55: S t e r eo -pa i r  o f  s o l u t i o n  ob ta ined  fo r  a  nose. 
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I n  o r d e r  t o  s i m p l i f y  p h o t o g r a p h i n g  t h e  s u b j e c t s ,  i t  i s  

n e c e s s a r y  t o  make sone d e c k  i o n s  a b o u t  w h i c h  f a c t o r s  cne i s  

g o i n g  h o l d  f i x e d  a n d  w h i c h  a r e  t o  be t a k e n  c a r e  o f  by some 

n o r m a l i z a t i o n  i n  t h e  p r o g r a m ,  A l t o u z h  i t  i s  p o s s i b l e  t o  h o l d  

t h e  head  i n  a s t a n d a r d  pos i t  i o n  by mcans o f  a b i t e - b a r ,  i t  i s  

i n c o n v e n i e n t  and i t  I s  p r e f e r a b l e  t o  l e t  the  p r o g r a m  t a k e  

c a r e  o f  s m a l l  h e a d - r o t a t i o n s ,  The d i s t a n c e  f r o m  t h e  camera 

t o  t h e  s u b j e c t  on t h e  o t h e r  hand i s  v e r y  easy  t o  d e t e r m i n e  

and t h e r e f o r e  n o  n o r m a l i z a t i o n  o f  s i t e  was used ,  F o r  

p i c t u r e s  o f  t h e  w b o l e  head such  s i t e  n o r m a l i t a t i o n  V J O U ~ ~  be 

f a i r l y  a c c u r a t e ,  whereas  i t  c a n n o t  be  f o r  images o f  t h e  n o w  

a l o n e  w h i c h  does n o t  p r e s e n t  s h a r p  f e a t u r e s  t o  t a k e  

measu renient s  o f ,  

The r o t a t i o n a l  n o r m a l i z a t i o n  p r o c e d u r e  t o  be d e s c r i b e d  can  

h a n d l e  q u i t e  l a r g e  (<n/6) r o t a t i o n s  i n  b o t h  p i t c h  ( r o t a t i o n  

a b o u t  an e a r  t o  e a r  a x i s )  and  r o l l  ( r o t a t i o n  a b o u t  a  t i p - o f -  

nose  t o  b a c k - o f - b e a d  ax i s  1. Yaw ( r o t a t  i o n  a b o u t  a t o p - o f -  

head t o  t h r o a t  a x i s )  i s  r e s t r i c t e d  b y  t h e  r e q u i r e m e n t  t h a t  

a l m o s t  a l l  o f  t h e  s u r f a c e  o f  t h e  nose  s h o u l d  be v i s i b l e ,  Fo r  

some n o s e s  t h i s  r e s t r i c t s  t h e  r o t a t  ion t o  f a i r l y  s m a l l  a n g l e s  

- o f  c o u r s e  t h i s  p r e s e n t s  n o  p r o b l e m  when t a k i n g  t h e  

p h o t o g r a p h .  



LINE ALONG RIDGE 

TIP OF 

Figure  56: I l l u s t r a t i o n  o f  r o t a t i o n a l  normal i z a t i o n  
procedure .  

Figure  57: I l l u s t r a t i o n  o f  parameters  a b s t r a c t e d  from one 
h o r i z o n t a l  con tour  through t h e  nose.  
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I ndependence  o f  r o t a t  i o n  i s  act7 i e v e d  by m a n s  o f  a r o u t  i n e  

w h i c h  e s t a b l  i s h e s  t h e  o r i e n t a t  i o n  o f  t h e  s h a p e  c a l c ~ 1 1 a t ~ d  a n d  

t h e n  r o t a t e s  i t  i n t o  a s t a n d a r d  p o s i t i o n ,  I n  a d d i t i o n  t h e  

p a r a m e t e r s '  i n  t h e  f i n a l  c o w p a r i s o n  p r o c e d u r e  where chosen  t o  

be i ndependen t  o f  s m l  1 rema in  inp; e r r o r s  i n  t h e  o r i e n t a t i o n s ,  

The o r i e n t a t  io;l o f  t h e  shape c a l c u l a t e d  i s  e s t i m a t e d  f r o m  t w o  

h o r i z o n t a l  c o n t o u r s  t h r o u g h  t h e  nose,  one p a s s i n g  t h r o u c h  t h e  

t i p  o f  t h e  nose, t h e  o t h e r  h i g h e r  up on t b e  r i d g e ,  These 

c o n t o u r s  o f  c o u r s e  arc !  o n l y  d e f i n e d  a s  sequences o f  p o i n t s  

where t h e  c h a r a c t e r i s t i c s  a n d  r i n g s  p a s s  t h r o u g h  each  p h n e ,  

The most  f o r w a r d  p o i n t s  d e f i n e d  b y  t h e s e  c o n t o u r s  a r e  

c a l c u l a t e d  by f i t t i n g  a p a r a b o l a  t o  t h e  t h r e e  p o i n t s  w i t h  

l o w e s t  z c o o r d i n a t e s .  F o r  each  o f  t h e  t w o  c o n t o u r s  we g e t  

one such  f o r w a r d  p o i n t ,  c o n n e c t i n g  t h e n  we o b t a i n  a I i n e  

w h i c h  r u n s  a p p r o x i m a t e l y  a l o n g  t h e  r i d g e  o f  t h e  nose .  T h i s  

l i n e  i s  r o t a t e d  i n t o  a s t a n d a r d  p o s i t  i o n  ( L y i n r :  i n  t h e  y - t  

p l a n e  and  l e a n i n g  + T / b  f r o m  t h e  v e r t i c a l ) ,  

The l o w e r  c o n t o u r  ( t h r o u g h  t h e  t i p  o f  t h e  n o s e )  i s  a l s o  used  

t o  e s t i ~ a t e  r o t a t  i o n  a b o u t  t h c  v e r t i c a l  a x i s .  The two p o i n t s  

on t h i s  c o n t o u r  a t  a g i v e n  d i s t a n c e  f r o m  t h e  most  f o r w a r d  

p o i n t  d e f i n e  t w o  a n g l e s  w , r . t .  t h e  z - a x i s .  The d e s i r e d  

r o t a t i o n  i s  one h a l f  o f  t h e  d i f f e r e n c e  o f  t h e s e  twc, a n g l e s .  



The t h r e e  a n g l e s  s o  d e t e r m i n e d  a r e  s n i a l l  a n d  can  t h u s  be 

t r e a t e d  i n d e p e n d e n t l y .  The r o t a t  i o n  o f  t h e  shape i s  

per forn iec i  a b o u t  t te  c e n t e r  o f  t h c  s p h e r i c a l  cap  used  t o  

d e t e r m i n e  t h e  i n i t i a l  c u r v e ,  i , e .  a p o i n t  j u s t  I n s i d e  t b e  t i p  

o f  t h e  nosc!. The w h o l e  p r o c e s s  i s  r e p e a t e d  i t e r a t i v e l y  t h r e e  

t i m e s ,  The e r r o r s  r e m a i n i n g  a r c  a l m o s t  a l w a y s  l e s s  t h a n  0.87 

r a d i a n  (0.5 1. I t  was f o u n d  t h a t  u s i n g  o n l y  t h e  few p o i n t s  

i n d i c a t e d  t o  d e t e  m i n e  t h e  r o t a t  i o n  was q u i t e  s a t i s f a c t o r y ,  

a l t h o u g h  b e t t e r  a c c u r a c y  i s  n o  doub t  o b t a i n a b l e  i f  t h e  

c a l c u l a t i o n  emp1oyt.d ave rages  o v e r  s e v e r a l  p o i n t s ,  

4 ' . 3 , 3  C O E I P A R I S O U  PROCEDURE:  

A f t e r  t h e  d a t a  has  been b r o u g h t  i n t o  a s t a n d a r d  o r i e n t a t i o n ,  

we w o u l d  1 i k e  t o  a b s t r a c t  a snial 1 n u n h e r  o f  p a r a m e t e r s  w b i c h  

c o n t a i n  most o f  t h e  i n f o r m a t  i o n  f o r  compa r i son  p u r p o s e s ,  A 

r a t h e r  a r b i t r a r y  d e c i s i o n  was t a k e n  t o  use  e s t i m a t e s  o f  t h e  

d i s t a n c e  o f  t h e  r i d g e  o f  t h e  nose  f r o m  t h e  s t a n d a r d  I i n c  ( I n  

t h e  y-;t p l a n e  a n d  l e a n i n g  q7/6 f r o m  t h e  v e r t i c a l ) ,  t h e  w i d t h  

o f  t h e  nose  a b o u t  h a l f - w a y  down t o  t h e  cheek and  t h e  d m t b  o f  

t h e  cheek  f r o m  t h e  r i d g e  o f  t h e  nose,  These q u a n t i t i e s  where  

measured f o r  e a c h  o f  f i v e  h o r i z o n t a l  c o n t o u r  p l anes ,  t h e  

l o w e s t  t h r o u g h  t h e  t i p  o f  t h e  nose, t h e  h i g h e s t  a b i t  b e l o w  

t h e  s a d d l e  p o i n t  ( t h e  b r i d g e  be tween  t h e  e y e s ) ,  The f i f t e e n  
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F igure  58: The p o i n t s  on t h e  5 contours  used t o  a b s t r a c t  

t he  f i f t e e n  values d e s c r i b i n g  t h i s  nose. 



v a l u c s  so o b t a i r c d  a r e  t h e  o n l y  d a t a  U S C ~  i n  t h e  f i n a l  

conipa r i s o n  p r o c e d u r e  , 

The d i s t a n c e  d o w  t h e  s i d e  o f  t h e  nose  f r o m  where 

measurements o f  t h e  w i d t h  o f  t h e  n o s e  a r e  t a k e n  v a r i e s  w i t h  

t h e  c o n t o u r s ,  g o i n g  f r o m  some l a r g e  v a l u e  f o r  t h e  p l a n e  

p a s s i n g  t h r o u g h  t h e  t i p  o f  t h e  nose  t o  o n e - h a l f  t h a t  v a l u c  

f o r  t h e  h i g h e s t  c o n t o u r .  The d i s t a n c e  a t  w h i c h  t h e  d e p t h  o f  

t h e  cheek  i s  measured i s  t w i c e  t h a t  a t  w h i c h  t h e  w i d t h  o f  t h e  

nose  i s  measured and  t h u s  a l s o  v a r i e s  f r o m  c o n t o u r  t o  

c o n t o u r .  The d e p t h  o f  t h e  cheek i s  t h e  a v e r a c e  o f  t h e  d e p t h  

o b t a i n e d  on t h e  l e f t  s i d e  and t h a t  o b t a i n e d  on t h e  r i g h t .  

The f i f t e e n  measu rernents o b t a  i n e d  f o r  e a c h  t ranspa r e n c y  a  r e  

s t o r e d  i n  a t a b l e  t o g e t h e r  w i t ) .  t h e  number o f  t h e  

t ranspa r e n c y  . 

The p u r p o s e  o f  t h e  c o m p a r i s o n  p r o c e d u r e  i s  t o  e s t a b t  i s h  i f  

any o f  t h e  s t o r e d  measurements ma tch  t h o s e  o b t a i n e d  f r o m  a 

new t r a n s p a r e n c y .  T o  d e t e r m i n e  t h i s ,  a p s e u d o - d i s t a n c e  i s  

c a l c u l a t e d  ( i n  t h e  75-d inwns i o n a l  v e c t o r  space) ,  between e a c h  

s t o r e d  v e c t o r  and  t h e  new v e c t o r .  The p s e u d o - d i s t a n c e  i s  a 

w e i g h t e d  r.m.s, o f  d i f f e r e n c e s  i n  c o o r d i n a t e s  1121, wberc t b e  

w e i g h t s  a r c  p r o p o r t i o n a l  t o  t h e  s t a n d a r d  dev i a t  i o n  o b s e r v e d  

f o r  t h a t  c o o r d i n a t e .  



N I 
where d i s  t h e  p s e u d o - d i s t a n c e ,  x i  a n d  x i  the components o f  

t h e  t w o v e c t o r s ,  a n d  6; t h e  s t a n d a r d  d e v i a t i o n  of t h e  i t I, 

component.  The u n c e r t a i n t y  i n  t h e  d e p t h  t o  t h e  cheek  i s  

g r e a t e r  t h a n  t h a t  i n  t h e  w i d t h  o f  t h e  nose, f o r  e x a m p l e ,  a n d  

i t  t h e r e f o r e  has  a  l o w e r  w e i g h t  than t h e  l a t t e r ,  T h i s  

p r o c e d u r e  g i v e s  a c o m p a r i s o n  t e s t  w h i c h  i s  i n  s o r e  sense 

opt  ima 1 11 2 1  . 

N o  doub t  o t h e r  con ipa r i son  p r o c e d u r e s  a n d  o t h e r  c h o i c e s  o f  

p a r a m e t e r s  w o u l d  have been e q u a l l y  u s e f u l ;  i n  p a r t i c u l a r  i t  

soon become a p p a r e n t  t h a t  f ewe r  t h a n  1 5  p a r a m e t e r s  w o u l d  have 

been equa 1 1 y a s  se l e c t  i v e .  The p o i n t  i s  t h a t  once one h a s  

d a t a  as  c o m p l e t e  a s  a f u l  l d e s c r i p t i o n  o f  t h e  shape, a l m o s t  

a n y  method  w i l l  work  and i t  i s  n o t  even n e c e s s a r y  t o  d i s p l a y  

g r e a t  s o p h i s t  i c a t  i o n  i n  one's use o f  s t a t  i s t  i c s .  

4 . 3 . 4  RESULTS OF THE N O S E - R E C O G T . I I T I O N  P R O C R A F :  

1 5  t r a n s p a r e n c i e s  o f  1 2  noses  were used  i n  t h i s  e x p e r i m e n t .  

The p a i r s  o f  t r a n s p a r e n c i e s  f o r  t b e  t h r e e  noses  w h i c h  were 

p h o t o g r a p h e d  t w i c e  d i f f e r e d  i n  camera t o  s u b j e c t  d i s t a n c e ,  

h e a d  r o t a t  i o n  a n d  e x p o s u r e .  A t o t a l  o f  3 0  shapes  were 



FIGURES 59 A,B,C 



FIGURES 60 A,B,C 



c a l c u l a t e d ,  t w o  e a c h  f o r  t h o s e  n o s e s  o f  w h i c h  o n l y  one 

t r a n s p a r e n c y  was a v a i l a b l e  ( t h e y  d i f f e r e d  b e c a u s e  o f  t h e  

n o i s y  n a t u r e  o f  t h e  d a t a ) ,  F o r  each  shape S O  d e t e r m i n e d ,  t h e  

r o t a t i o n a l  n o r m 1  i r t a t  i o n  was a p p l  i e d  a n d  t h e  1 5 - t u p l e  

d e s c r i p t  i o n  a b s t r a c t e d .  The p s e u d o - d  i s t a n c e s  b e t w e e n  a 1  1 

p a i r s  o f  1 5 - t u p l e s  w e r e  t h e n  d e t e r v i n e d ,  

The p s e u d o - d i s t a n c e  b e t w e e n  1 5 - t u p  1es a v e r a c e d  t o  t h e  

f o l l o w i n g  ( t h e  u n i t s  a r e  a b o u t  0 . 3  mm's r . m . s J :  

1. Between t r a n s p a  r e n c  i e s  o f  d i  f f e r e n t  n o s e s  - I@, ( r a n y e  

2.4 - 7 5 , 3 )  

2 .  Be tween  t r a n s p a r e n c i e s  o f  t h e  sane n o s e  - 2 ,   ran^^ 7.4 

t o  2 . 5 )  

3 ,  Be tween  shapes  c a l c u l a t e d  f r o m  t h e  same t r a n s p a r e n c y  

I. ( r a n g e  0.1 t o  2 .1)  

I n  a l l  c a s e s  t h e  d i s t a n c e  f r o m  a  g i v e n  shape t o  a r e l a t e d  

shape was l e s s  t h a n  a  q u a r t e r  o f  t h e  d i s t a n c ~  t o  a u n r e l a t e d  

shape .  S i m p l y  look i n g  f o r  t h e  sma 1 l e s t  r sseudc-d  i s  t a n c e  ( a n d  

c h e c k i n g  w h e t h e r  i t  i s  f a i r l y  s m a l l ) ,  t h u s  g i v e s  an  e f f e c t i v e  

r e c o g n i t  i o n  p r o c e d u r e  f o r  t h i s  sma l  i d a t a - s e t ,  I t  i s  c l e a r  

t h a t  f o r  a niuch  l a r g e r  d a t a - s e t  u n i q u e  i d e n t i f i c a t i o n  t v o u l d  



Figure 61 

T a b l e  o f  p s e u d o - d i s t a n c e s  between some o f  t h e  shapes 

c a l c u l a t e d .  P a i r s  2 ,  3 and 5 a r e  each  o f  t w o  d i f f e r e n t  

t r a n s p a r e n c i e s  o f  one nose, w h i l e  t h e  o t h e r  p a i r s  a r e  each  

t w o  shapes c a l c u l a t e d  f r o m  one t r a n s p a r e n c y .  The u n i t s  o f  

d i s t a n c e  a r e  about  0.3 mrn r,m,s, , 



be more u n l i k e l y  w i t h o u t  i n p r o v i n ~ ;  t h e  a c c u r a c y  i n  t t -c  

s o l u t  i o n  a n d  a d e t a i  l e d  a n a l y s  i s  o f  w h i c h  p a r z n w t e r s  t o  

a b s t  r a c t  f o r  o p t  ima I recogn  i t  i o n .  I t :  I V O U I  d ~ O L . ~ P V P T  a 1 w i y s  b~ 

p o s s i b l e  t o  s e p a r a t e  out sane m a 1  I s u b s e t  o f  t b e  t o t a l  

s t o r e d  s e t  o f  n o s e - d e s c r i p t  i o n s  w i t h  v e r y  t-i i g h  p r o b a h  i 1 i t y  

t h a t  t h e  nose  l o o k e d  f o r  w i l l  he  i n  t h i s  s e t ,  B l d s o e  [ 1 2 1  

u s e s  t h e  r a t i o  o f  t h e  s i z e  o f  t h i s  s u b s e t  t o  t h c  s i z e  o f  t he  

complete s t o r e d  s e t  a s  a n ieasure  o f  t h e  e f f e c t  i v c n e s s  o f  t h e  

r e c o g n i t i o n  p r o c e d u r e .  

R e p e a t i n g  t h e  o p e r a t  i o n s  we d e s c r i b e d  h e r e  f o r  tbc! o t h e r  

t a r g e  f r o n t a l  p l a n e s  ( p l a n e s  w i t h  n o r m 1  p a r d  f e l  t o  t h e  t- 

ax  i s ) ,  o ; ~  waul d o b t a  i n  a f a c e - r e c o q n  i t  i o n  p rccedurc? ,  I t  i s  

v e r y  1 R e l y  t h a t  t h e  s u b s e t s  o f  a l l  s t o r e d  f a c e - r l w x - i p t i i o n s  

d e t e r m i n e d  b y  a p p l y i n g  t h c  above method  t o  chce!<s, c h i n ,  

f o r e h e a d  a n d  n o s e  i n  t u r n  w i l I  have o n t y  a s m a l l  

i n t e r s e c t  i o n .  T h i s  i s  n o t  t o  s a y  t h a t  o t h e r  i n f o r m a t i o n  

about  t h e  f ace ,  n o t  o b t a  i n a b  t e  f r o m  t h e  s h a p e - f r o n - s h a d i n g  

method c o u l d  n o t  add t o  t h e  x c u r a c y  o f  s u c h  a p r o c e d u r e ,  I t  

m u s t  be p o i n t e d  o u t  t h a t  some o f  t h e  f e a t u r e  p o i n t s  used i n  

p r e v i o u s  a t t a c k s  on t h c  f a c e - r e c o c n i t i o n  probLr!r?i a r p  n o t  

d c f  i n e d  b y  s h a r p  d i s c o n t i n u i t i e s  ( f o r  e x a m ; > l e  t h e  t i p  o f  t h e  

n o s e )  a n d  c o u l d  b e s t  b e  o b t a i n e d  f r o m  a d e s c r i p t  i c n  o f  the 

shape.  



The r e s t r i c t i o n  about  t h e  p o s i t i o n i n g  o f  t h e  1ir ;bt-sour-cc!  

c o u l d  bl? removed i f  one t o o k  t b c  t r o u b l e  t o  rnpasure t h e  

r e f l e c t i v i t y  f u n c t i o n  i n  more & t a i l  a n d  e i t h e r  reco rded  t h e  

p o s i t i o n i n g  o f  t h e  l i g h t - s o u r c e  o r  worked o u t  i n  d p " c i  1 a 

niethoci f o r  f i n d i n g  t b c  s i n g l e  l i g h t - s o u r c t !  f r o m  t h c  shadows 

i n  t h e  image (wh i ch  s h o u l d  n o t  be v e r y  d i f f i c u l t  s i n c e  wc 

know t h e  a p p r o x i m a t e  shape o f  t b c  o b j e c t  we a r e  too kin^ a t ) ,  

The f u l  1 face- recogn i t  ion p r o b l e m  was n o t  t a c k l e d  s i n c e  i t  

w o u l d  r e q u i r e  a g r e a t  dea l  more work w i t h o u t  f u r t h e r  

i 1 l u s t  r a t  i n g  t h e  method o f  d e t e m i n  i n g  shape - f  rom-shading, 

A l s o  i t  w i l l  be n o t e d  t h a t  t h e  s t u d y  i n v o l v e d  a s m a l l  se t  o f  

noses - a study w i t h  a l a r g e  d a t a - s e t  wou ld  c o n t r i b u t e  l i t t l e  

more t o  t h e  u n d e r s t a n d i n g  o f  t h e  method. 

Some o f  t h e  d i f f i c u l t  i e s  e n c o u n t e r e d  when d e t e r m i n i n g  t h e  

shape o f  noses a r e  pe rhaps  w o r t h  ment i o n  i ng ,  F i  r s t  l y ,  most 

noses a r e  n o t  c o m p l e t e l y  v i s i b l e  f r o m  any  g i v e n  p o i n t  o f  

v iew.  Most  n o t a b l y  t h e  u n d e r s i d e  (between t h e  n o s t r i l s )  i s  

f r e q u e n t l y  n o t  v i s i b l e ,  and o f t e n  a s m a l l  a r e a  on t h e  s i d e  o f  

t h e  n o s t r i l s  i s  a l s o  h idden ,  T h i s  f o r c e d  a c h o i c e o f  

pa rame te rs  wh i ch  d i d  n o t  depend on t h e s e  a r e a s ,  N a t u r a l l y  

t h e  i n f o r m a t i o n  o f  w h e t t w r  t h e s e  a r e a s  a r e  visible c o u l d  i n  

i t s e l f  be u s e f u l  i n  t h e  r e c o g n i t i o n  p r o c e d u r e  i f  i t  cocr ld  be  

re1  i a b l y  de te rm ined ,  I n  f a c t  o u r  p rog ram does net, because  

o f  t h e  conib inat  i o n  o f  p o o r  r e s o l u t i o n  i n  t h e  i m a g e - d i s s e c t o r  



a n d  t h e  s  i r ~ p t e - m i n d c d  e d z e  d e t x c t ~ r .  T h i s  c c u l d  b e  

c i r c u m ~ e n t e d  by p l a c i n , ?  t h c  1 i g h t - s o u r c e  s  1 i g h t  l y  a b o v e  t h e  

camera,  t h u s  e n s u r i n g  t h a t  t h e r e  a l w a y s  i s  a n a r r o w  shadow 

be!ow t h z  n o s t r i l s .  

Nhen t h e  s o l u t i o n  i s  e r r o n e o u s l y  c o n t i n u e d  a c r o s s  an e d w  

( s u c h  as  t h a t  above  t h e  n o s t  r i  1 s ) ,  a second  undes i r e a b l e  

e f f e c t  appea r s  because o f  t be sha rpen  i n g  p r o c e d u r e ,  The 

i n c o r r e c t  c o o r d i n a t e s  o f  t b e  p o i n t s  c a l c u l a t e d  a f t e r  t h e  edze 

i s  c r o s s e d  h a v e  some e f f e c t  on t h e i r  n e i g h b o r s  due t o  t h i s  

a n d  t h u s  d e c r c a s e  t h e  a c c u r a c y  o f  t h e  s o I u t i o n  o b t a i n e d  

n e a r b y ,  

A n o t h e r  p r o b l e m  i s  t h a t  sonw n o s e s  have  n o t  one, b u t  t w o  

c l o s e I y  s p x e c I  t i p s  ( p r o b a t d y  b e c a u s e  o f  t h e  u n d e r t y i n p ;  

c a r t i l a g e  c o n s i s t i n g  o f  t w o  s y n m e t r i c a l  p a r t s ) ,  T h i s  causes  

t h e  c h a r a c t e r i s t i c  g r o w i n g  f r o r r  one o f  t h e s e  peaks t owa rds  

t h e  o t h e r  t o  s t op ,  s i n c e  i t  i s  a p p r o a c h i n g  a n o t h e r  s i n ~ u l a r  

p o i n t .  A s i m p l e  s o l u t i o n  c o n s i s t s  o f  c h c s i n g  t h e  r a d i u s  o f  

t h e  i n i t i a l  c u r v e  l a r g e  enough t o  c o r n p l ~ ! t e l y  i n c i u d e  b o t h  

s i n g u l a r  p o i n t s ,  F i n n a l  l y  one f i n d s  t h a t  sove  noses 

( p a r t i c u l a r l y  t h o s e  b e t o n g i n g  t o  f e m a l e s )  have  v e r y  low 

r i d g e s  n e a r  t h e  eyes,  mak ing  i t  d i f f i c u l t  t o  d e t e r m i n e  a 

m e a n i n g f u l  v a l u e  f o r  t h e  w i d t h  o f  t h e  nose  a t  t h a t  p o i n t ,  



I t  s h o u l d  be n o t e d  t h a t  t h e  r ~ f l e c t i v i t y  f u n c t i o n  was n o t  

d e t e r m i n e d  w i t h  g r e a t  p r e c i s i o r l  and n o  a c c o u n t  was t a k e n  o f  

i t s  v a r i a t i o n  f r o m  p e r s o n  t o  p e r s o n ,  I t  was n o t  i m p o r t a n t  

t h a t  t b e  shape c a l c u l a t e d  was v e r y  c l o s e  t o  t h a t  o f  t h e  nose  

f r o m  wh i ch  t h e  i r m ~ e  was t aken ,  b u t  r a t h e r  t h a t  d i f f e r e n c e s  

i n  t h e  shapes o f  n o s e s  s h o u l d  show irp a s  d i f f e r e n c e s  i n  t h e  

calculated shapes and t h a t  s t - r a p ~ s  d e t e r m i n e d  f r o m  

t r a n s p a r e n c i e s  o f  t h e  same nose  s h o u l d b e  s i m i l a r ,  I f  t h e  

ivages were a l l  p r o d u c e d  w i t h  t h e  heads i n  t h e  same 

r o t a t i o n a l  p o s i t i o n ,  t h e  d i s t o r t i o n s  w o u d  have made no  

d i f f e r e n c e  a t  a l l .  F o r  t h e  s m a l l  head r o t a t i o n s  encoun tc r r td ,  

t h e  e f f e c t  o f  t h e  r e l a t  i v c l y  m i n o r  d i s t o r t  i o n s  was v e r y  

sma 1 l . 

4.4 S1;E.lbIARY A N D  C O I J C L U S I W S :  

A f t e r  d e f  i n  i n g  t h e  r e f l e c t  i v  i t y  f u n c t  ion,  an e q u a t i o n  was 

f o u n d  r e l a t i n g  t h e  i n t e n s i t y  measured i n  t t ~ e  image o f  a 

s n o o t h  opaque o b j e c t  t o  t h e  shape o f  t h e  o b j e c t .  T h i s  

e q u a t i o n  was t hen  shorn t o  be a f i  r s t - o r d e r  non-1 i n e a r  

p a r t i a l  d i f f e r e n t  i a 1  e q u a t  i o n  i n  t w o  unknowns a n d  t h e  

e q u i v a t e n t  s e t  o f  f i v e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  was 

d e r i v e d ,  A number o f  e s p e c i a l l y  s i m p t e  cases  were 

d i scussed ,  i n  p a r t  i c u l a r  a p p l  i c a t  i o n s  t o  l u n a r  t o p o g r a p h y  a n d  



the s c a n n i n g  c l c c t r o n  m i c r o s c c p r .  t ' e thods  VICYP d c s c r i b ~ d  f o r  

o b t a i n i n g  t h e  aux  i I i v y  i n f o r m t i o n  r e q u  i r c d  ( e  . g .  t t - e  

r e f  l c c t  i v i t y  f u n c t i o n )  and  how t o  a v o i d  t h e  n r w !  f o r  an 

i n  i t  i a i  known curvc !  on t h e  o b j ~ c t ,  O f  i r i p o r t a n c c  t o o  i s  t h e  

method demon s t  r a t e d  f o r  c o n t  in110~1s t y  upda t   in^ p  and  q 

(sharpening) a s  t h e  s o l  u t  i o n  p r o g r p s s e s ,  

Ttic h a l f - d o z e n  o r  s o  o t h e r  dep th - cues  w r p  i g n o r e d  h w e  t o  

a l l o w a  comprehens i ve  t r e a t r e n t  o f  s h a d i n g ,  T h c  a n a l y t i c a l  

a p p r o a c h  t o  t h e  p r o b l e m  o f  d e t e r m i n  i n g  shapc f r o m  s h a d i n g  v a s  

d e v e l o p e d  t o  d e r i o n s t r a t e  t b a t  an e x a c t  s o l u t i o n  i s  p o s s i b l ~  

and  t o  d e t e r m i n e  j u s t :  what  t h ~ )  1 i n i i f a t  i m s  o f  t h i s  app roach  

a r e ,  T h i s  i s  n o t  t o  s a y  t h a t  a more hew-ist i c ,  a p p r o x i m t e  

a p p r o a c h  does n o t  have  i t s  m e r i t s  t o o  f o r  c ~ r t a i n  t y o c s  o f  

o b j e c t s  1 :141,  I t  was d e c i d e d  t o  producc a p r o g r a n  t o  a1 tow 

e x p e r i m e n t a t  i on  w i t h  t h e  s o l t ~ t  i o n  method  because  r i m y  i d m s  

i n  t h e  f i c l d  o f  a r t i f i c i a l  i n t c l l i g m c c  a n d  v i s t m l  p e r c e p t i o n  

a r c  o f  1 i t t l e  v a l i ~  u n t i l  t h e y  can h e  t r k d  on r e a l  d a t a .  

F o r t u n a t e l y  an h a g - e - d i s s e c t o r  was a v a i  l a b k  t o  p r o v i d e  i n p u t  

o f  image i n t e n s i t i e s  t o  t h e  c o ~ p u t e r .  

T w o  p rog rams  were presented, one s o l v i n r :  t h e  O . D . E . ' s  f o r  t h e  

c h a r a c t e r i s t  i c s  sequen t  i a l  I y ,  t h e  o t h c r  i n  p a r a [  \ e l ,  

Advmtap jes  o f  t h e  l a t t e r  a p p r o a c h  w rp  f c u n d  t o  h e  s e v e r a l ,  

F i n a l l y  t h i s  l a t t e r  p r o g r a n  was a c i a ? t ~ C !  t o  p r o v i d ~  i n p u t  f o r  



a n o s e - r e c o g n i t  i o n  p r o c e d u r e .  

I t  has been made a p p a r e n t  t h a t  s h a d i n ?  i s  v a l u a b l e  a s  a 

monocu la r  dep th - cue  a l t o u g h  I t  may no t  t ? ~ !  a s  a c c u r a t e  a s  some 

o t h e r s ,  I t  must be e r p h a s i z c d  t h a t  n o  c l a i m  i s  made t h a t  

p e o p l e  employ t h i s  dep th -cue  i n  t h e  s a w  w a y ,  I t  may b e  t h a t  

t h e  human v i s u a l  s y s t e m  does n o t  a c t u a l  l y  d ~ t e r m i n c  t h e  shape 

i n  t h  ree -space  and i f  i t  does s o  i t  i s  1 i k e  1 y t h a t  i t  uses  a 

d i f f e r e n t  m t h o d .  Powever t h e r e  w i t  1 be m a n y  s i m i  t a r i t i p s  

between t h e  t w o  systems ( e , g .  i n  t h e  e r r o r s  t h e y  make) 

because  t h e y  u t i l i z e  t h e  same d a t a .  

4 . 4 . 1  SUGGEST IOIJS FOR FUTURE WORK:  

1. I t  w o u l d  be i n s t r u c t  i v e  ( b u t  v e r y  t imp consum ing )  t o  

measure many r e f l e c t  i v  i t y  f u n c t  i o n s  a n d  see how m n y  

f a l l  i n t o  t h e  p a t t e r n  o f  a m a t t  component, a p p r o x i n a t r l y  

v a r y i n g  w i t h  cadi), p t u s  a s p e c u l a r  component .  I f  i t  

c o u l d  be shown t h a t  most  r e a l  r e f l e c t i v i t y  f u n c t i o n s  

f a 1  1 i n t o  t h i s  c l a s s ,  t h e  me thod  p r e s e n t e d  w o u l d  be more. 

u s e f u l  s i n c e  i t  c o u l d  d e t e r m i n e  a p p r o x i m a t e  shapes 

w i t h o u t  know ing  much more a b o u t  t h e  r e f  l ~ c t  i v i  t y  

f u n c t i o n .  



2 ,  I t  r a y  he p c s s i b l o  t o  f i n d  more s i m o l  i f y i n r :  c o n d i t i o n s  

s e a ,  t h e  ones f o u n d  w i t h  c e r t a i n  1 i g h t  i n r  c o n d i t i o n s ,  

p o s i t i o n s  o f  t h e  l i g h t - s o r ~ r c e  and s p e c i a l  r e f l e c t i v i t y  

f u n c t i o n s ,  

3 ,  O t h e r  s o l u t i o n  methods may b e  found,  o r  m o d i f  i c a t  i ons  t o  

t h e  i n t e g r a t i o n  method  n i g h t  increase t h e  a c c u r a c y ,  

Perhaps a d i f f e r e n c e  method Qn a f i x e d  g r i d  c o u l d  he 

f o u n d  w h i c h  somehow g e t s  a r o u n d  such  p rob tems  a s  t h a t  o f  

a m b i g u i t y  edges,  

4 ,  One c o u l d  s t u d y  t h e  t w o  r e l a t e d  p r o b l e m  o f  f i n d i n g  t h e  

r e f l e c t i v i t y  f u n c t i o n ,  g i v e n  t h e  shape o f  t h e  o b j c c t  a n d  

t h e  1 i g h t - s o u r c e  d i s t  r i b u t  i o n  and  f i n d i n g  t h e  t i g h t -  

s o u r c e  d i s t r i b u t i o n  g i v e n  t h e  r e f l e c t  i v l t y  f u n c t i o n  and  

t h e  shape. 

5 ,  F u r t h e r  s t u d y  o f  c e r t a i n  types o f  i n c o n s i s t c n c i ~ s  and  

t h e i r  use i s  i n d i c a t e d ,  Here f o r  example  we f i n d  t h e  

p r o b l e m  o f  d e c i d i n g  w h e t h e r  c e r t a i n  f a c e s  i n  a n  image o f  

s c v e r a i  p o l y h e d r a  c o u l d  c o n s i s t e n t l y  b e l o n g  t o  one 

o b j e c t ,  

6 ,  Some e f f o r t  c o u l d  be d i r e c t e d  t o w a r d s  i r n p f e m c ~ t  i n g  more 

f u l l y  some o f  t h e  i deas  d e v e i o p e d  t h e o r e t  i c a l  ly here ,  



s e a ,  shadow b r i d g i n g ,  hand1 i n 5  m u l t  i p l e  s o u r c e s  a n d  

m u l t i p l e  s i n g u l a r  p o i n t s ,  

7 .  E x p a n d i n g  t h e  n o s e - r e c o g n i t i o n  p r o g r a m  i n t o  a f u l l  f a c c -  

r e c o z n  i t  i o n  p r o g r a m  wcu l  d i r ~ c  r e a s e  i t s  u s e f u l n e s s ,  

8 .  One c o u l d  s t u d y  i n  more d e t a i l  how p e c p l e  use t h e  d e p t h -  

cue  o f  s h a d i n g  a n d  how b a d a n i m a l s  a r e  a t  i t ,  Perhaps  

one can  g e t  s b e t t e r  c l u e  a s  t o  w h e t h e r  p e o p l e  d e v e l o p  a 

t h r e e - d i m e n s i o n a l  model  o f  t h e  o b j e c t  f r o m  t h e  shad in^ 

o r  i f  t h e y  use  t h e  s h a d i n g  i n f o r m a t  i o n  i n  some o t h e r  

wa y  , 

9. T h e r e  a r e  p r o b a b l y  a f ew  more l o o s e  ends such  a s  t h e  

p r o b l e m  o f  how t o  s t a r t  t he  s o l  u t  i o n  i f  n o  convex  o r  

concave  s i n g u l a r  p o i n t s  a r e  a v a i l a b l e ,  Can one do  

a n y t h i n g  a t  a l l  w i t h  s a d d l e  p o i n t s  (even  t h o u g h  t h e y  can 

camouf lage  t h e m s e l v e s  t o  be i n d i s t  i n g u i s h a b l e  f r o m  

s  i rnple convex  o r  concave  s i n g u l a r  p o i n t s  I ?  

1 0 ,  I n  a d d i t i o n  t o  i n t e r p o l a t  ion,  I s  It r e a s o n b l e  t o  

e x t r a p o l a t e ?  T h a t  i s ,  can  one g e n e r a t e  new 

c t m r a c t e r i s t i c s  n e x t  t o  a s o l u t i o n  s h e e t  t o  e x p f o r e  new 

a r c a s .  I n  p a r t i c u l a r  when a b r e a k  a p p e a r s  I n  a 

s c l  u t  i o n  s u r f a c e  c a n  i t  be p a t c h e d - u p  l a t e r ?  



1 1 .  Korc  me thods  w i l l  have  t o  be f ound  t o  deal with t h e  

t h r e e - d i m m s i o n a l  s t r u c t u r e  once one h a s  d e t e r m i n e d  i t ,  

/ 2 .  As p o i n t e d  o u t  e a r l i e r ,  t h e  use o f  c o n s t a n t  s i r e  s t e p s  

a l o n g  t h e  c h a r a c t e r i s t i c s  may n o t  b e  i d e a l  (remember 

t h a t  we can a d j u s t  t h e - s t e p - s i m  b y  c h o o s i n g  a d i f f e r e n t  

)f 1. One p a r t i c u l a r l y  a t t r a c t i v e  i d e a  w o u l d  be t o  use 

s t e p s  c o r r e s p o n d i n g  t o  c o n s t a n t  i n t e n s  i t y  change i n  t h c  

I mace. T h i s  v r o t ~ l d  t u r n  t h e  r i n g s  i n t o  c o n s t a n t  

i n t e n s i t y  c o n t o u r s ,  r a t  h e r  t h a n  curvcs o f  c o n s t a n t  a r c -  

d i s t a n c e  f r o m  t h e  s i n g u l a r  p o i n t .  

1 3 .  Many o b j e c t s  have s u r f a c e s  whose r e f l e c t i v i t y  c a n n o t  be 

d e s c r i b e d  by  a f u n c t i o n  o f  t h r e c  ang les ,  o r  a r e  so 

s p e c t l l a r  t h a t  o u r  methods a r e  o f  1 l t t l c  a v s i  1 ,  One 

m i g h t  t r y  t o  d i s c o v e r  methods o f  d e a l i n g  w i t h  such 

o b j e c t s ,  Examples a r e  chrome car -bumpers ,  t rans  l uccn t  

wax, h a i r  a n d  a z l a s s  o f  w a t e r .  
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