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known mcthods for solving the shape-from-shading problem require 
reflectance map. Here we show how the shape-from-shading problem 
e n  the rellcctsnce map is not available, but is known to have a given 
inknown parstneters. This happens, for example, when the surface is 
~bert.ian, but, thc direction to the light source is not known. We give 
~ i l m  that alternately estimates the surface shape and the light source 
the unit normal in parnineterizing the reflectance map, rather than 

tereogrnphic coordinates, simplifies thc analysis. Our approach also 
ve  schrme for computing shape from shading tltst ndjusts thc current 
~ c a l  normids toward or away from the direction ol  the light source. The 
iilcnt is proportional l o  the current difference between the predicted 
briglit ness. We also develop generalizations to less constrained forms 
1s. 
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E ,  and a rcfloctmice map, R ,  the shape-from-shading problem ma1 
~f recovering a sinooth surface, z(x, y), satisfying the image irradiance 

of E. Any given boundary conditions on z(x,  y) should also be satisfied. 
IS the form of a first-order partial differential equation (Horn, 1070 & 

; formulation are n n u ~ ~ i b e r  of assunlptions, the principal one being that  
a surface patch does not depend on its position in space. Another is 
~ i c t s  a sniooth surface of homogcneous reflectance. Several algorithms 
to tackle the problem, notably those of Horn (1075), Strat  (1979), and 

.081). 
ny difliculties these schemes face in practice is that  tlle reflectance map 
Dwn. The reflectance map specifics how the brightness of a surface patch 
lentation under given circunlst;uices. It therefore encodes inforination 
ng properties of the surface, and information about the distribution 
lie light sources. In fact, the reflectance map can be computed from 
reflcctnnce-distribution function and the light source arra~igement, a 
Sjoberg (1979). 

ering a new scene, the information required to dctennine the reflectance 
available. Yet without this information, the shape-from-shading prob- 

~iul;ltcd, lilucli less solved. The dilc~nma may be resolved if a calibration 
hape appears in the scene, since the reflectance map can be computed 
ere wc wish to  consider the situation where we are not that fortunate. 
g to  evaluate how some basic assumptions can resolve this impasse. 
as looked a t  the  problem of recovering shape from shading under the 
lie image depicts a Lambertim surface illuminated by a point source 
unknown. Under the additional assuinption that the surface is locally 
nornials are shown to be recoverable by a local operation. This method 
in the iterative propagation of informat ion across the image. 
! serious drawbacks to the local approach, however. One problem is that 
illption is very restrictive. In fact, spllcres are the only surfaces whose 
lilical. So this lilcthod naturally computes incorrect nor~nnls for other 
the errors for approximately spherical surfaces, such as ellipsoids of 
my be acceptable. Further, tllc constraining effect of known occluding 
r cannot be incorporntd into the local method. This is unfortunate 
[rials provide powerlul boundary co~lditions on tlie shape-from-shading 
i by Ilruss (1083). Filially, because a local niethod does not take into 
when calculating tlie nor~iial  a t  n point, nearby normds may differ a 

llarly in thc presence of noise. 
t an alternative approach that  does not suffer from these disadvantages. 
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scheme for shape a n d  source direction 

:over the shape of a smooth surface depicted in an image, E ,  that is 
;ion R in the xy-plane. Let the shape of the surface be cliari~terised 
1, that  associates a unit normal with each point in R. The problem 
d n(x ,  y) over R. Assume for liow that the object has a La~iiber t i~m 
it is illuminated by a single point source. If the vcctor s points to the 
) is the unit normal of a surface patch, then the apparent brightness of 
by the reflectance map 

way, force s to be a unit vcctor; this allows for the possibility that  the 
urce may be unknown. This way we can also deal with unknown sensor 
known slufnce +lbcdo, provided it is uniform. 
lien becomes one of finding a smooth shape, n, and source direction, s, 
ge irradiance equation 

iglitness cannot be deterluined with perfect accuracy, and so it appears 
isfornl this into a minimization problem (lkeuchi & Horn, 1981; Horn 
There is another reason to  consider this as n minimization problem: 

o solve the inlage irradiancc equation as it stands, we obtain a set of 
m s  equivalent to  the charnc teristic strip equations. FIcre, however, we 
:hcine lending itself to  a parallel iniplenlentation on a grid, as originally 
1 ( ~ 7 0 ) .  l b 4 l c r ,  a shal~e-fro~ll-shading problem that has noisy image 
I. h;:ve a theoretical solution. A niini~niantion approach will, however, 
y of a shape that  fits the given data  best, in n sense determined by the 

0t.h shape, n ,  and a source direction, s, that minimize 

3 ,  and there are no errors in brightness incasurements, then the image 
,n will have been satisfied (although there is no guarantee that the 
: integrable; see IIorn & Ihooks, 1985). 
a rcgnlnriziug component (Poggio & Torre, 1984) by incorporating the 

to selcct n p;n%icdarly smooth solution from a, possibly infinite set of 
hhat a subscript. hero dcnotm partial dif~cretitiation, and that squaring 
3nt to  taking the dot-product with itself. Finnlly, we wish to insist that  
lcngth. This is accolllplished with the constraint 
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where 

Now, n disc 

in which E i; 
average of r 

rcc terllis givcs llie c o i ~ ~ p o s i t e  fu~ictional 

~ i i ~ n i a e d  with respect to n  and s. Here, X is a scalar that  weights the 
ce of the  rc~gu1ariz;~tion term, while p (x ,  y)  is n 1,ngrangi;ui multiplier 
wpose the constraint tlint n ( x ,  y )  be ;I unit vector (see Horn Rc Ihooks,  

s n problem in thc calculus of vnriations. First ,  assunic that  s is known 
be n l i ~ ~ i ~ ~ i i a e d  by ;I sui ta l~le  clioice of n.  ICxtrellia of f r ~ n c t i o ~ i d s  are 
he associated Etiler equations (see Courant a d  ililbcrt, 1953). The 

a t  ion 

n, it follows t h a t  I iias the Euler cqu a t o  lon 

(E - n  . s)s -+ N 2 n  - p n  = 0, 

~proxilnation to the Lilplacian operator is given hy 

istnncc 1)clwcen ntljncclit pictltre cells in the image, and f i i j  is the local 
S 

1 fiij " 4(ni,J+l -1- n;,j--, $ ni+l,j  + ni--1,j). 

nslnte the Eulcr equation into the  discrete form 

11 ordcr to isolate n ; j  011 one side yields the iterative sche~ne 
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many ar ray  accesses are ncctled (rind the  const.nnt mult~iplier ~ ~ 1 . 1 ~  
r~ . I. h e  sinlple 5-point approxinlntion w;is mlcquatx for olir purposes. 

lave yet to  solve for p ,  t he  i , ;~grnngi;~n iliultiplicr. This  can b e  avoided, 
ving tha t  t h e  division of the right llnntl side by (1 + p ( c 2 / 4 ~ ) )  docs not  
ion of thc: vector br ing  colnputctl. S i~ lcc  p is intcnticd to  ensure that 
.;ilizcd, we can simply do this explicitly, as  in 

the p r o b l c n ~  of minimizing I with respcct, to s, givcri t,ll;tt n is known. 
I in convc~it ional  calculus. Co~nputiilg the  p;~rt i id derivative of 1 with  
ave 

T T T (n s)n - (n s)n - n(n s) - (nn )s ,  

ion1 we have 

I also the i11lcgr;d of (nnT), arc  3 x 3 ~untr iccs .  Fro~l l  this we finally 
I equation 

he  i~lvcrscl of ;L jllatrix, A iliscrcte vcrsio~l  of this f o r ~ m i l ; ~ ,  in wllich the 
~ c e t l  by suins, is ciisily o b t ; ~ i ~ d .  ATI iler;itive scliciirc in bo th  n and  s 
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3. Proper ies ll nd performance of the scheme 

ape ,  n new source directioll is c o ~ n p u t c d  by a singlo pass illrough the 
r 1  ~e-rccovcry,  no iteration is iieccssnry. I he 3 x 3 matr ix  (mi?') is sul~lrned 

ns is the vector ( I?  11). 'l'lle solircc tlircctiotr can t.11cn be co~irpu ted ~is ir~g 
,ion or c v c ~ l  C r i u c r ' s  nrctlrotl (scc Korn and Korn ,  1968). 'L'hc source- 
hnt lins bacri testcd on a i lu~iibcr  of images and silaprs. When tlic data 
the  cst.ililnt.c of solirce dircctiolr is c ~ t ~ r c ~ l ~ c l y  accurate. h r t l r e s ~ ~ m r e ,  
very good i n  ithe face of significantJ noise. For cxnlrq)le, n sylit.li~t.ic imngc 
I. splrrrc: i l l !~ l~ l i t~ i~ tcd  by a point s011rcc in the directioll ( - 4 , 3 ,  8 j T .  rl'll~ 
act1 t.o 2 5 5  irr;uli;u~cc lcvcls, and the  corrcct surface normal was given 
250 iiii;lge points. (:aussi;n rioisc was ;rtldctl to  the illiitg(: [;ivil~g a n  
ion ill irr;di;mcc values of 34. Ihspit ,o this, llrc sourcr-f ndcr conlputcti 
urce (lircct,iori t h a t  was only 2.7" ill error. Flirtlrer trials gave similar 
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vo more new iterative schemes: the Erst extends the shape-and-source 
iations in which a siliq.de model of the sky is also included; the second 
:loped above to find sbape from shading, givcn a general reflectance 
recover source direction. 

ing direction. Here, both source direction and surface nor~ilals are 
e viewing direction. This is easily verified by observing that 

1 values for the normals, the shape-and-source scheme will head for 
~f these solutions. The dual shape and source direction can then be 
Lately using the equations given above. 
lt two examples of the program at  work. Each (synthetic) image con- 
t La~nbertian surface illuninated by a point source in the direction 
ages each contained more than 1000 points at which nornials were to 
mnals were assigned an initial value of (0,0, I ) ~ ,  as was the source di- 

; boundary normals were given. The equations for nij could be solved 
the Gauss-Seidel algorithm. Since we are ultimately interested in par- 
on on a grid, we used the Jacobi method instead (despite the fact that 
net hod has slightly better convergence properties). 
e portrayed a hemisphere viewed from directly overhead. After 100 
= 0.005, the average angular difference between estimated and corrcct 
than 3". The nlaximum such deviation was less than 2.5 times the 
le estimate of the light source direction, at this time, had errors in 
h angles of 1.4" and 1.6" respectively. 
age depicted a cylinder with rounded, heniisplierical ends, viewed from 
~diculnr to its axis. After 60 iterations, this time with X = 0.003, the 
ror in surface normal was less than 5". A further 30 iterations brought 
4". The maximum error remained somewhat larger, however, due to the 
to smooth the intersection between the cylinder 'and the hemispheres. 

mth 'and zenith angles for the source were 7.3" 'and 1.1" respectively, 
terations. These, too, improved slowly with further processing. 
1s sonletinies slow in converging. After rapid initial improvements, the 
mld decrease appreciably. However, one might expect the scheme to be 
)f the current iterative methods, given the disadvantage of not knowing 
irection. Cor~vergcnce could be accelerated by employing lnultigrid 
bopagate information across the image more quickly (see Terzopoulos, 
jy, in the exaniples considered, a. reasonable estimate for the source 
ined after only a few iterations. Subsequent processing just improved 

!mes for other reflectance maps 
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Ing a sky component 

.tion in which a Lambcrtim surface is illnnlinated by a hemisphericsl 
radiance (Brooks, 1978; Horn & Sjoberg, 1979). A point source may 
lap to give 

.he relative intensity of the sun and the sky. We can now generate a 
md-source recovery, under the assumption that the image was formed 
1 the reflectance map R,,. 
nimize 

)th n  and s. Fixing s for the time being, 
la1 with respect to n  alone. The Euler eq 

we are required to minimize 
uation for this problem is 

a ( n - s )  9 ( 1 + n g i ) )  ( a s + p i )  + h ~ ~ n - ~ n = 0 .  

Ire, the following scheme is obtained: 

Ice map, R,,y, has been substituted back into the equation to improve 

,e n to be fixed and minimize the functional with respect to s. This we 
3ifferentiating with respect to s and equating the result to zero. Thus 

- Z / / ~ ( R - n ( n ~ ) - ~ ~ ( l j - n . i )  ) andxdy  = 0 .  

a ion becomes .hat (n s)n = (nnT)s, the equ t *  

le equation in s given by 
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e in discrete form and combirie with the iterative scheme for n derived 

sulned to be known. Interestingly, the compntation of s proceeds as 
t the contribution of the sky is subtracted from E. This does not render 
, however, as the calculation of shape does not follow suit. 

f shape for the general reflectance map 

lrative scheme for shape <and source direction is composed of two parts. 
of the scheme may stand alone in the event h t  shape is required from 

is required from shape. Indeed, if used in this way, the shape-recovery 
e generalized to  incorporate any reflectance map, R(n). In rnininlizing 

er equation 

rive the scheme 

.e most appealing of the current shape-From-shatling schemes that  deal 
Iectarice map. It is simply derived, and is expressed elegantly in terrms 
nther than a two-parameter system such as the stereogra.phic fg space 
rn. 

Je use of the unit normal constraint 

ving the shape-and-source finder, we nvoicled solving for the 1,agrangian 
Instead, we normalized the cst.i~nnte for n after each iteration. We 

ne in which the inultiplicr is dealt with explicitly. 
ninimize the fiinctiolial 
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Culer equation 

(E - R)Rn + N 2 n  - p n  = 0. 

.odnct of this with n we find that 

p = (E - R)(Rn an) + X(v2n*n),  

~g for p in the Euler equation, we get 

(E -- R) [R, - ( R ,  . n)n]  + A [v2n - ( v 2 n  n)n] = 0. 

T T T ( x . n ) n  -- ( n  x ) n  = n ( n  x) = (nn  )x, 

and l e t h g  M be the 3 x 3 matrix 

T M = I - n n ,  

n reduces to 

M [(E - R)R, + N 2 n ]  = 0.  

In in cotilponents ortliogonal to n ,  since 

T T T :I - n n  ) n  = 11 - (nn  ) n  - n - n ( n  n )  = n - n ( n o n )  = 0. 

; provides only two constraints on the solution vector n. The remaining 
: 1. Noto that, because M is singular, we cannot simply eliminate M 
above by multiplying through by its inverse. 

irtl finite dificrcnce approximation such as 

4 
v 2 n  e -(fi - n), 

€2 

.1 average of n given earlier, we can write the Euler equation in the 

M [(IS. - ) R + - ( - n )  = 0. I 
ng, we omit subscripts.) We can then develop an iterative scheme in 
lue, m, say, is used for the center term in the above approximation, 
ms are computed using the old value of n. This way we obtain 

vn, where p J- n. Then m2 = p2 + v 2  and M m  = M p = p, since 
vc get 

p = M [ ii+ ( E -  r; R)Rn]. 
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Sl~apc and aourw from sliading 

I n, parallel to the old normal vector n ,  is c o ~ ~ l p u t e d  using 

re theoretically two solutions for v ,  one positive and one negative. The  
Is to  a new estimate close to  the previous one, while the negative value 
lmost opposite to  tlie old one. I t  is clear that  one should use the positive 

y have the scheme 

led with the source-recovery co~nponent given earlier, when R ( n )  = nag. 

:h a solution with this scheme, p will be small, since fi - n and E R. 
arly stages of iteration, it may bc necessary to place an artificial limit 
adjust~iient made away from the old norninl. Tha t  is, one may have to  
de of p so that  problems do not arise in computing v using the equation 

ethod for solving the underdetermined equation M m  = 0 ,  under the 
1, can be arrived a t  most easily using the pseudoinverse of the matrix 
his approach in the exposition here since the solution can also be found 

hods for obtaining shape from shading assume complete knowledge of 
ap. Here, we considered the situation in which a Lalnbertian surface 
a. point light source from an unknown direction. Thus we dealt with 

rather than a fixed, reflectance map. The local approach to  recovering 
ng, which is also intended to deal with unknown source direction, was 
veral drawbacks, notably its restrictive assuinption that  surfaces are 

of unit normal vectors for describing surface orientation was important 
n t  of our method. This led to  siluple derivations and elegant presenta- 
11 was cast as one of ininiinieing n positive-defiuitc functional containing 
terni, a regularizing term, anit a Lagranginn ndt ip l ie r  to  enforce the 

: norl~inl be of unit length. The Eulcr equation for this calculs of vx i a -  
shown to be n scc~nd-order  partial diffcrcntial equation in the unknown 
tiction. A convergen l iterative sche~ne solved it in the discrete domain. 
of the light source can bc determined in closed form if the surface shape 
; any iternlion x sonrce-direction estimate can bc obtained using the 
of the surface slinpo. The  it,erntions for obtniuing increasingly accu- 
thc surfncc shape can be interlnced with estimntioli of tlie light-source 



;ed m d  tested this method for recovering shape and source direction. We 
wo-way ambiguity that can appear in the solution. Further, we showed 

shape-from-shading component of the iterative scheme to more general 

ents 
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